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1
INTRODUCTION
Soon after Albert Einstein has presented the general theory of relativity,
Hermann Weyl made an attempt to derive the electromagnetic force as well as the grav-
itational force from one common geometric structure of the space-time.[39] The starting
point of his theory is to insist that there is no preferred scale structure in the universe,
so that we have to choose a gauge at each space-time point to measure the length of
material bodies. Once a gauge is chosen, scales at neighboring two points are compared
with the use of a one form ϕµdx
µ. Namely, when a unit at a point with coordinate xµ is
transported to a point with coordinate xµ +∆xµ, it is observed as (1− ϕµ(x)∆xµ)-times
the unit there. If the gauge is changed, the one form ϕµdx
µ and the metric gµνdx
µdxν are
transformed as
ϕµ → ϕµ + τ−1∂µτ , gµν → τ−1gµν ,
where τ is a function valued in positive real numbers. He identified such one form ϕµdx
µ
as the electromagnetic-potential and developped a theory with the guiding principle of
gauge invariance.
His theory itself was not accepted by physical reasons but the principle of gauge in-
variance survived over the years and became one of the most important guiding principles
in constructing candidates for the fundamental theory of particles and fields.
After the birth of quantum mechanics, Weyl himself found that this principle is appli-
cable to the Dirac’s theory of electrons provided the ‘length’ in the original argument is
replaced by the ‘phase’ which has nothing to do with the metric gµν . The theory of electron
field ψ interacting with the electromagnetic fields is invariant under the transformation
Aµ → Aµ + e−iθ∂µeiθ , ψ → e−iθψ ,
where −iAµdxµ is the electromagnetic potential and eiθ is a function of the space-time M
with values in the group U(1) of phases. More importantly, nothing like the phase of ψ
or the value of the potential −iAµ can be observed by physical measurements.
Proceeding analogously to the original argument, we may consider the value ψ(x) of the
electron field at a point x as the measured value with respect to a chosen ‘U(1)-gauge’ at x
denoted by a symbol s(x). The transformation ψ(x)→ e−iθ(x)ψ(x) can then be considered
as the effect of the change of gauge which is denoted by s(x) → s(x)eiθ(x), so that the
composite of gauge and coefficient looks invariant s(x) ·ψ(x) ≡ s(x)eiθ(x) · e−iθ(x)ψ(x). We
are now tempted to introduce the set P of all U(1)-gauges over the space-time points.
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There is a projection π : P →M such that the inverse image Px = π−1(x) of a point x is
the set of U(1)-gauges at x. There is an action on P of the group U(1) coming from the
changing of gauges. A choice of gauge over M , or equivalently a choice of gauge at each
point of M corresponds to the map s : M → P such that s(x) is a gauge at x. Such a
map is called a section of P or simply a gauge. If we can find a section s with respect to
which the electron field behaves smoothly, we can identify P with the smooth manifold
M × U(1) by s(x)eiθ ↔ (x, eiθ).
If we define the set P×U(1)V for V = C4 as the set of equivalence classes in P×V under
the equivalence relation (u, v) ∼ (ueiθ, e−iθv), then, the electron field Ψ is a function on
M valued in P×U(1)V where the value Ψ(x) at x is the class represented by (s(x), ψ(x))
and denoted by s(x) · ψ(x). There is also a projection πV : P×U(1)V → M such that the
inverse image Vx = π
−1
V (x) of a point is identified with the vector space V .
If x and x′ are two points in the space-time M , Ψ(x) and Ψ(x′) belong to different
vector spaces Vx and Vx′. With the use of the potential −iAµdxµ, the comparison of two
vectors becomes possible for infinitesimal separation between x and x′. Namely, if x and x′
are ‘near’ to each other with the separation ∆xµ, the vector s(x) ·ψ(x) ∈ Vx is transported
to s(x′) · (1−Aµ(x)∆xµ)ψ(x) ∈ Vx′ and compared with the vector s(x′) ·ψ(x′) ∈ Vx′. It is
easy to see that this transport is invariant under the change of the defining gauge s→ seiθ
together with the transformation of Aµ given above. It is called the parallel transport with
respect to Aµdx
µ. Taking the limit ∆xµ → 0 of the difference, we obtain the covariant
derivative dAΨ(x) = dx
µs(x) · (∂µ+Aµ)ψ(x). The parallel transports assign to each point
u of P a subspace HuP (called the horizontal subspace) of the tangent space TuP of P
consisting of vectors tangent to the curves s(xµ + t∆xµ)e−tAµ(x)∆x
µ
u˜ where u = s(x)u˜.
This assignment is U(1)-covariant in the sense that HuP is mapped by e
iθ ∈ U(1) to
HueiθP . Hence the electromagnetic potential −iAµdxµ gives rise to a geometric structure
of the space P of gauges. In this sense, Aµdx
µ can be referred to as the gauge field.
This observation has lead to the theory of connections of principal bundles. It gen-
eralizes the above theory of gauges and gauge fields to the situation in which the group
U(1) may be any Lie group H and in which there may not be a globally defined section
s :M → P . Roughly speaking, a principal H-bundle P is a set of all H-gauges at points
of M . A connection A is to assign a horizontal subspace to each tangent space of P in
H-covariant way. If we choose an H-gauge s : U → P over an open set U of M , the
connection A defines a one form As = Asµdx
µ on U valued in Lie(H) called the gauge
field, in the similar way as in the case of electromagnetism. Under the change s→ sg of
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gauges, As is transformed as
As −→ Asg = g−1Asg + g−1dg .
For a representation ρ : H → GL(V ) on a vector space V , we can associate to a principal
bundle P over M a vector bundle P ×H V over M defined by the equivalence relation
(u, v) ∼ (uh, ρ(h)−1v) in P × V . A connection A determines a covariant derivative dA on
sections of P×HV just as in the case of electron fields.
The above is a purely mathematical generalization. However, with the aid of experi-
mental supports, Yang-Mills fields which are generalizations of the electromagnetic fields
to the case of H = SU(2) or SU(3) have come to be believed to mediate some of the
fundamental interactions of nature.
According to R.P.Feynman, in such a quantum gauge theory, we have to sum over
all configurations that the gauge field can take. A question arises : Should we sum over
connections also of non-trivial principal bundles? (A principal bundle P over M is said
to be trivial when we can find a globally defined continuous section s : M → P .) An
affirmative answer was found in the1970s. The large mass of η′ meson may be explained
by taking into account the gauge fields of all possible kinds of SU(3)-bundles over S4.
Hence, it seems important to investigate quantum gauge theory for topologically non-
trivial configurations and to “sum over topologies”.
It seems that things become easier if we consider quantum gauge theories in lower
dimensions. Especially in two dimensions, it has been observed[2] that exact treatment
becomes possible for some class of conformally invariant theories by a neat handling of
the infinite dimensional symmetry and its representation theory. In this paper, we shall
study exact relationship between the amplitudes for topologically distinct configurations
in gauged Wess-Zumino-Witten (WZW) models — a class of soluble conformaly invariant
theories.
This work is inspired by the following observation[17, 27, 25]. The infinite conformal
symmetries of the gauged WZW model with compact target group G and compact gauge
group H are identified with the Virasoro generators by the so called G/H coset con-
struction [19]. This G/H coset constructed Virasoro algebra acts on the space of highest
weight vectors for the H-current algebra in the representation spaces of the G-current
algebra. A certain class of external automorphisms of G and H-current algebra, called
spectral flows, keep invariant the coset constructed Virasoro generators and the highest
weight vector conditions for the H-current algebra. Then, a spectral flow induces a cer-
tain identification of states with respect to the coset Virasoro algebra. At this stage, a
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natural question arises : “Does this algebraic identification of states γ|O〉 ≡ |O〉 lead to
the identification of the corresponding quantum fields γO ≡ O ?” To this problem, there
has been no answer with satisfactory explanation. The present paper gives the following
answer : “Yes, provided that the gauge group H is chosen appropriately within the local
isomorphism class and that the contributions from all the topological types of H-bundles
are taken into account.” A more refined statement is that a correlator for an H-bundle
P with γO-insertion at a point coinsides with a correlator for another bundle Pγ with
O-insertion at the same point.
The above answer has the following significance. First of all, it shows that a large
number of soluble conformal field theories are precisely described as lagrange field thories.
Any of the unitary minimal models (bosonic or supersymmetric), parafermionic models,
N = 2 coset models or the twisted topological models and so on is equivalent to a
gauged WZW model (or WZW model and free fermionic systems coupled to gauge field)
with suitable choice of the gauge group. For example, (k + 2, k + 3)-minimal model is
equivalent to the level (k, 1) WZW model with target SU(2) × SU(2) and gauge group
SO(3) = SU(2)/Z2 which acts on the target group by h : (g1, g2) 7→ (hg1h−1, hg2h−1).
Second, it may help to calculate the correlators. The calculation of a correlator for
H-bundle P with O-insertion may be easier than the calculation of the correlator for
H-bundle Pγ−1 with insertion γO or vise versa.
The answer is based on the obvious identification
π0(LH) ∼= π1(H) , (0.1)
between the set of connected components of the loop group LH and the fundamental
group of H . A spectral flow mentioned above can be thought of as a representative of an
element of π0(LH) and π1(H) is identified with the set of topological types of H-bundles.
So it seems that we have only to interpret the spectral flow as acting on the set of H-
bundles through the above identification (0.1), as implied in [27]. However, the story is
more involved.
In the actual treatment of quantum gauge theory, we first perform the integration
along each orbit of the chiral gauge transformations Az¯ → h−1Az¯h + h−1∂z¯h [16] which
is analogous to Weyl’s original gauge transformations, and then sum up over the orbits
(=over the isomorphism classes of holomorphic HC-bundles). Then, we arrive at the
following three systems coupled to the common background gauge field representing an
isomorphism class of holomorphic HC-bundles : G-WZW model with positive integral
level, HC/H-WZW model with negative level and a free fermionic system called the ghost
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system. Hence we must find a spectral flow that can be interpreted as acting on the set
of isomorphism classes of holomorphic HC-bundles. It turns out that this is possible only
if H is abelian for which the moduli space of holomorphic HC-bundles of one topological
type is isomorphic to that of another.
In general, the moduli spaces for different topological types are not isomorphic. On the
sphere, since there is only one holomorphic HC-bundle for each topological type that gives
a non-negligible contribution to the correlator, the spectral flow may be interpreted as
mapping one ‘moduli space’ to another. However, the transformation by a spectral flow on
the set of gauge invariant fields is intricate and unclear perhaps because the transformation
on the representing gauge fields is not canonically determined. This intricacy of the
spectral flow has been observed in ref.[28] which deals with the twisted N = 2 coset
models on the sphere.
Hence, for a general compact group H , we need further reformulation. The solution
is to refer to the flag structure at the insertion point of the field under consideration.
We define a field O(f) called the flag partner of O for each gauge invariant field O and
for each flag f at the insertion point. It is shown that the integration of O(f) over flags
reproduces O. The spectral flow is defined with respect to a flag and is shown to act on
the set of flag partners O(f)→ γO(f). The same spectral flow can be interpreted to act
on the set of isomorphism classes of holomorphic HC-bundles with flag structure at the
insertion point. It is checked in several examples that a component of the moduli space
relevant in the path-integral is transformed by such a spectral flow to another relevant
component of the moduli space. In this way, we arrive at the above answer.
The rest of this paper is organized as follows.
In Chapter 1, we quantize the free fermionic systems with background gauge fields.
The representations of infinite dimensional groups on the space of states are discussed
and the spectral flow is geometrically realized.
In Chapter 2, we deal with the WZW model of compact simply connected target
group G coupled to background gauge field with gauge group G/ZG. WZW actions
for topologically non-trivial G/ZG-bundles are constructed. Gauge covariant operator
formalism is developped and the spectral flow is again realized with geometric meaning.
In Chapter 3, we give a method to perform the integration over the gauge fields. The
structure of orbits for the chiral gauge transformation group is reviewed. Neglecting irrel-
evant orbits, a correlator is expressed as an integral over the moduli space of holomorphic
HC-bundles. The latter half of the chapter is devoted to the analysis of of HC/H-WZW
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model which describes an integral over each chiral gauge orbit.
In Chapter 4, we show the relations between correlators leading to the field identifica-
tions. We first introduce the flag partners of gauge invariant fields and find new integral
expressions for correlators — integrals over the moduli space of holomorphic HC-bundles
with flag structure at one point. In several examples, we give explicit description of the
moduli space of holomorphic HC-bundles with flag structure that gives non-negligible
contribution to the integral. Observing the above mentioned identification of the moduli
spaces, we obtain the desired relations.
Chapter 5 is the application of the theory of field identification. The existence of
a gauge invariant field fixed by a spectral flow is shown to imply the non-vanishing of
the partition function for the corresponding H-bundle on the torus. The calculation is
attempted for the SU(2) × SU(2) WZW model coupled to the gauge fields of the non-
trivial SO(3)-bundle.
The main part is Chapter 4. Among several new results, the following are the principal
products of the paper which play essential roles in the derivation of the relation (4.0.1)
that leads to field identification:
(i) the equation (4.1.20) which expresses a dressed gauge invariant field as an integral
over the flag manifold,
(ii) the new integral expression (4.2.22) for correlation functions.
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CHAPTER 1. FREE FERMIONS
In the first chapter, we review the theory of free fermionic systems on a Rie-
mann surface. In this paper, free fermions appear in two different ways : As a constituent
of the matter system and as a ghost system which is indispensable in the consideration of
gauge theories. In the present chapter, we first consider the simplest case of one component
fermions of spin (λ, 1− λ) where λ ∈ 1
2
Z, and next consider the general multi-component
ones. We proceed from the functional integral quantization to the operator formalism.
After establishing the field-state correspondence, we look at the effect of screening lo-
cal fields by external gauge fields of certain configurations. This leads to the geometric
definition of the spectral flow.
Now we start with an action integral
IΣ,L =
i
2π
∫
Σ
ψ−∂¯A ψ+ + ψ¯−∂A ψ¯+. (1.0.1)
Σ is a compact oriented two-dimensional Riemannian manifold with metric g without
boundary. The metric g makes Σ a Riemann surface with canonical bundle K = T ∗Σ
(1,0)
C
.
Roughly speaking, K is a holomorphic line bundle with local holomorphic section dz
where z is a local coordinate of the Riemann surface Σ. We choose also a hermitian
line bundle L with U(1)-connection dA. ψ+ is an anti-commuting field taking values in
K1−λ⊗L where 1−λ is the spin of ψ+. ψ− takes values in Kλ⊗L−1 , ψ¯− takes values in
K¯1−λ ⊗ L−1 and ψ¯+ takes values in K¯λ ⊗ L. Note that Kλ is a holomorphic line bundle
with local holomorphic section (dz)λ. If λ is a half-integer, we must choose a sign, i. e.
we choose a spin structure within the 22g-possibilities where g is the genus of Σ. ∂¯A is the
(0, 1) part of the covariant exterior derivative on K1−λ ⊗ L: If we choose a local frame
(dz)1−λ⊗ σ and express ψ+ as (dz)1−λ⊗σψσ+ , we have ∂¯A ψ+ = (dz)1−λ⊗σdz¯(∂z¯ +Aσz¯ )ψσ+
where dA σ = σ · Aσ. The operator ∂¯A determines a holomorphic structure on K1−λ ⊗ L
by the following statement : A local section ψ is holomorphic when ∂¯Aψ = 0.
1.1 Path Integral Quantization
The metric g and the hermitian structure of L introduce hermitian inner products
on the spaces of sections such as Ω0(Σ, K1−λ ⊗ L) or as Ω0,1(Σ, K1−λ ⊗ L). These inner
products in turn define Laplace operators ∂¯
†
A∂¯A on Ω
0(Σ, K1−λ ⊗ L) and Ω0(Σ, Kλ ⊗
L−1) and ∂
†
A∂A on Ω
0(Σ, K¯1−λ ⊗ L−1) and Ω0(Σ, K¯λ ⊗ L). Then, using the spectral
decomposition we can define a measure for functional integration if we regularize in a
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suitable way the infinite product of eigenvalues of the Laplacian (see e.g. [34], [32]). That
is, we can consider the following path integral:
ZΣ,L( g, A ;O ) =
∫
Dg,A[ψ+ψ¯+ψ−ψ¯−] e−IΣ,L O, (1.1.1)
where O = O(ψ+, ψ¯+, ψ−, ψ¯−) is any functional of finitely many ψ±’s and ψ¯±’s. For the
integral to be non vanishing, O must include fermionic integration parameters for the
zero modes of ∂¯A and ∂A. By the Riemann-Roch theorem, the necessary condition for the
non vanishing is ♯O = c1(L) + (2λ− 1)(1 − g) , where we count the fermion number by
♯ψ+ = 1 and ♯ψ− = −1. 1
As follows from the translational invariance of the measure Dψψ¯, inserted in the
correlator, the field ψ+ behaves as a holomorphic section of K
1−λ⊗ L over the region
without any other operator-insertion. In the same sense, ψ− behaves holomorphically
and ψ¯± behave anti-holomorphically. Another important property is the behavior of the
correlation functions including ψ+(z)ψ−(w) as z approaches w:
ZΣ,L( g, A ; ψ+(z)ψ−(w) O ) ∼ Gg,A(z, w)ZΣ,L( g, A ;O ). (1.1.2)
Gg,A(z, w) is the green function for the ∂¯A operator. Using local holomorphic frames dz
and σ of K and L, we can write the asymptotic behavior as
ψ−(z)ψ+(w) = (dz)
λ
z ⊗σ(z)−1
{
1
z − w + :ψ
σ
−(z)ψ
σ
+(w):
}
(dz)1−λw ⊗σ(w). (1.1.3)
The expression : ψσ−(z)ψ
σ
+(w) : is regular as z → w and we call this the regularized product
of the coefficients ψσ−(z) and ψ
σ
+(w).
Anomaly and Ward Identities
Next we look at the response of path integrals to variations of g and A. We define the
fermion number current J and the energy-momentum tensor T by
δZΣ,L( g, A ;O ) = ZΣ,L
(
g, A ;
[
1
4π
∫
Σ
√
gd2x δgabTab +
1
2πi
∫
Σ
JδA
]
O
)
. (1.1.4)
We first consider the variation of (g, A) which preserves the holomorphic structure
of (Σ, L). Let φ be a real valued function on Σ and h : L −→ L be an automorphism
of complex line bundle. We consider the conformal transformation g → geφ and chiral
gauge transformation A→ Ah where the latter is given by ∂¯Ah = h−1∂¯Ah. Note that the
classical action is invariant under these transformations together with the replacement
1Here, c1(L) =
∫
Σ c1(L, dA) is an integer, not a cohomology class. We often use this abbreviated form.
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ψ± → h∓ψ± and ψ¯± → h∗±ψ¯±. In quantum theory, however, due to the regularization of
the infinite determinant, this invariance is only preserved up to a prefactor [13]:
ZΣ,L( ge
φ, Ah ;O ) = eI(g,A;φ,hh∗)ZΣ,L( g, A ; hO ), (1.1.5)
where the exponent of the prefactor is given by
I( g, A ;φ, hh∗) =
cλi
48π
∫
Σ
(
∂φ∂¯φ+ 2RΘφ
)
− i
2π
(
λ− 1
2
)∫
Σ
(
FAφ− ∂φ∂¯ϕ
)
− i
4π
∫
Σ
[
∂ϕ∂¯ϕ− 2
(
FA +
(
λ− 1
2
)
RΘ
)
ϕ
]
. (1.1.6)
cλ = 1−12
(
λ− 1
2
)2
is a number called the central charge of the system. ϕ is a real valued
function defined by hh∗ = eϕ. hO is given by hO(ψ±, ψ¯±) = O(h−1ψ+, ψ−h, h∗ψ¯+, ψ¯−h∗−1).
RΘ (resp. FA) is the curvature of K
−1 (resp. L) determined by g (resp. A). This phe-
nomenon is called conformal and chiral anomaly. Note also that the prefactor I(g, A;φ, hh∗)
is zero for the unitary automorphism h : L −→ L where hh∗ = 1. This fact is important
when we consider gauge theory.
Taking the differentials at the identity element of the group of conformal and chiral
gauge transformations, we can obtain some usefull identities out of the formula (1.1.5) of
anomaly. One of them is the current Ward identity:
ZΣ,L
(
g, A ; 1
2πi
∫
Σ
(
ǫ∂¯J − ǫ∗∂J¯
)
O
)
(1.1.7)
=
i
2π
∫
Σ
(ǫ+ ǫ∗)
(
FA +
(
λ− 1
2
)
RΘ
)
ZΣ,L( g, A ;O ) + ZΣ,L
(
g, A ; J(ǫ)O + J¯(ǫ)O
)
,
where ǫ is an infinitesimal chiral gauge transformation, that is, a section of EndL (which is
trivial in this abelian case). J(ǫ) and J¯(ǫ) are operators defined by J(ǫ)O = ( d
dt
)0O(e∓tǫψ±, ψ¯±)
and J¯(ǫ)O = ( d
dt
)0O(ψ±, e±tǫ∗ψ¯±). From this, we can read that the current J is a holo-
morphic one form and J¯ is anti-holomorphic one form on an open set without another
field-insertion nor with curvature. Then by the same equation, we see that if O is a local
field inserted at x ∈ Σ and ǫ is a holomorphic function on a neighborhood U of x over
which g and A are chosen to be flat , the following relations hold:
1
2πi
∮
x
ǫJ O = J(ǫ)O,
−1
2πi
∮
x
ǫ∗J¯ O = J¯(ǫ)O , (1.1.8)
where the contour in U encircles x once. The equations (1.1.8) generalize the definition
of J(ǫ) and J¯(ǫ∗) to the case where ǫ is a meromorphic function with possible singularity
at x. Such J(ǫ) corresponds to the variation of A which amounts to some deformation of
the holomorphic structure of L.
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The formula (1.1.5) shows also that the (1, 1) part of the energy momentum tensor is
given by
Tzz¯ = − cλ
12
RΘzz¯ +
(
λ− 1
2
)
FAzz¯. (1.1.9)
We see that we have Tzz¯ = 0 on a region where g and A are flat.
Next, we consider the directions of variation of (g, A) associated to a diffeomorphism f
of Σ. The metric g is naturally transformed to f ∗g and consequently K is transformed to
f ∗K. But there is no natural way to transform A preserving L since there is no natural way
to lift the action of f to L. For a one parameter group of diffeomorphisms ft generated by
some vector field v, however, we can lift the action to L : the horizontal lift f˜t : L −→ L
along the paths. This induces an automorphism f ♯t of Ω
∗(Σ, L) by f ♯tψ = f˜
−1
t ◦ ψ ◦ ft
for ψ ∈ Ω∗(Σ, L). The variation A → At is defined by dAt = f ♯t dAf ♯−1t and we have
δdA = i(v)FA. Let f
♭
t : Ω
∗(Σ, Kν ⊗ L) → Ω∗(Σ, f ∗tKν ⊗ L) be the transformation acting
as f ∗t on K-part and f
♯
t on L-part. We can see that the variation (g, A) → (f ∗tg, At) is
isospectral in the sense that f ♭t preserves the spectrum of the Laplacians. Therefore, we
have an identity:
ZΣ,L( f
∗
tg, At ;O ) = ZΣ,L( g, A ; ftO ) , (1.1.10)
where ftO is given by ftO = O(f ♭tψ±, f ♭t ψ¯±). Taking the derivative at t = 0, we have
ZΣ,L
(
g, A ; 1
2πi
∫
Σ
dzdz¯
[
∂z¯v
zTzz + (∇zvz +∇z¯vz¯) Tzz¯ + ∂zvz¯Tz¯z¯
]
O
)
(1.1.11)
+ZΣ,L
(
g, A ; 1
2πi
∫
Σ
dzdz¯
(
Jzv
zFAzz¯ + Jz¯v
z¯FAzz¯
)
O
)
= ZΣ,L( g, A ;LvO ) ,
where LvO is defined by LvO = ( ddt)0ftO. As in the case of the current J , Tzz(dz)2
is holomorphic and Tz¯z¯(dz¯)
2 is antiholomorphic on an open set without curvature or
without field-insertion. When there is a local field insertion in a flat neighborhood, the
Ward identity (1.1.12) shows the following relations:
1
2πi
∮
x
dzvz(z)TzzO = LvO ,
−1
2πi
∮
x
dz¯vz¯(z¯)Tz¯z¯O = Lv¯O , (1.1.12)
where O is an local field inserted at x , the contours encircle x and v = vz(z)∂/∂z is
a holomorphic vector field around x. We can use these equations to define Lv and Lv¯
for v a meromorphic vector field with possible singularity at x. Such a v corresponds
to the deformation of complex structure of Σ. We exemplify the action of Lv on ψ± for
holomorphic v:
Lvψ+(x) = (1− λ)∂v
z
∂z
(x)ψ+(x) + v
z(x)∂Azψ+(x) .
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Lvψ−(x) = λ
∂vz
∂z
(x)ψ−(x) + v
z(x)∂Azψ−(x) .
The Currents in terms of Fundamental Fields
Now let us try to find expressions for the current J and energy momentum tensor T
in terms of the fundamental fields ψ+ and ψ−. By looking at the classical action I, we
guess that J = ψ−ψ+ and T = −λψ−∂Aψ+ + (1 − λ)∂Aψ−ψ+. But since the product of
ψ−(z) and ψ+(w) have singularity as z → w , we must make sense out of the products
∂nψ−∂
mψ+. Natural candidates are the following :
J = :ψ−ψ+ : , T = −λ :ψ−∂A ψ+ : +(1− λ) :∂Aψ−ψ+ : , (1.1.13)
where the regularized products of the fields are defined by
:ψ−ψ+ : (z) = lim
ǫ→0
{
ψ−(ζǫ)τ
(λ,−)
ζǫ, z τ
(1−λ,+)
z, wǫ ψ+(wǫ)−
dz
ζǫ − wǫ
}
, (1.1.14)
:ψ−∂Aψ+: (z) = lim
ǫ→0
{
ψ−(ζǫ)τ
(λ,−)
ζǫ, z τ
(2−λ,+)
z,wǫ ∂Aψ+(wǫ)−
(dz)2
(ζǫ − wǫ)2 +
(dz)2
12
(
∂zωz − 2(ωz)2
)}
,
:∂Aψ−ψ+: (z) = lim
ǫ→0
{
∂Aψ−(ζǫ)τ
(1+λ,−)
ζǫ, z τ
(1−λ,+)
z,wǫ ψ+(wǫ) +
(dz)2
(ζǫ − wǫ)2 −
(dz)2
12
(
∂zωz − 2(ωz)2
)}
.
In the above expressions, ζǫ , z and wǫ are on a geodesic τ centered by z with equal
distance ǫ. τ
(µ,−)
ζ, z is the parallel transport of K
µ⊗L−1 along τ from ζ to z, and τ (ν,+)z,w is the
parallel transport of Kν⊗L along τ from w to z. ωz = gzz¯∂zgzz¯ is the connection form of
K−1. We have added the term (dz)2(∂zωz−2ω2z)/12 to give −(dz)2/(ζǫ−wǫ)2 a covariant
meaning in the limit ǫ→ 0. We have used the data given only by g and A except for the
direction of the geodesic τ . Using the assymptotic behavior of the product ψ−(ζ)ψ+(w),
we find that the limit : ψ−ψ+ : is well defined, but : ψ−∂Aψ+ : as well as : ∂Aψ−ψ+ : contains
an ambiguous term which depends on this choice of the direction and which is present if
the curvature FA and RΘ are non zero at z. We have decided to discard this term.
In terms of the regularized product (1.1.3) of the coefficients ψσ±, they are expressed
as
Jz = : ψ
σ
−ψ
σ
+ : −Aσz −
(
λ− 1
2
)
ωz , (1.1.15)
Tzz = −λ : ψσ−∂zψσ+ : + (1− λ) : ∂zψσ−ψσ+ : (1.1.16)
−Aσz : ψσ−ψσ+ : +
(
λ− 1
2
)
∂zA
σ
z +
1
2
AσzA
σ
z −
cλ
12
(
∂zωz − 1
2
ωzωz
)
.
We can explicitly check that these are independent of the choice of of local holomorphic
frames dz and σ. It is easy to see that the above candidates of current and energy
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momentum tensor satisfy the Ward identities (1.1.7), (1.1.9), (1.1.11). Therefore, we
conclude that these are the right expressions for J and T in terms of the fundamental
fields.
1.2 The Operator Formalism
We proceed to the construction of the operator formalism. We first calculate the
commutation relations of the fields ψ+, ψ− and currents Jz, Tzz over a coordinatized an-
nular open subset of Σ. After the argument on the path integral over fields on a Riemann
surface with circle boundary, the space of states is defined. The set of commutation rela-
tion of currents is then interpreted as an operator algebra of the infinitesimal generators
of infinite dimensional groups acting on the space of states.
Let us now choose an annular neighborhood U of a parametrized circle c : S1 → Σ
with a complex coordinate system z such that z(c(θ)) = eiθ. We assume that S = c(S1)
devides Σ into two such parts Σ∞ and Σ0 that Σ = Σ∞ ∪ Σ0 , Σ∞ ∩ Σ0 = S and that
|z(U ∩Σ∞)| ≥ 1. We also assume that the metric is chosen to be gzz¯ = 8π2|z|2 on U and
the connection A is chosen to be flat on U with holonomy e−2πia along S. It is easy to
show that we can choose a unitary frame s of L on U such that dAs = s · (−ia dθ) where
z = reiθ. Then, σ(z) = s(z)|z|−a is a holomorphic frame of L on U : dAσ = σ · (−a)dz/z.
Laurent Expansion of Fields and Currents
Since ψ+ and ψ− are holomorphic sections, we can take the Laurent expansions on U
with the following coefficients:
ψ(+)n =
1
2πi
∮ (
dz
z
)λ
⊗ σ(z)−1zn ψ+(z) , (1.2.1)
ψ(−)n =
1
2πi
∮
ψ−(z)
(
dz
z
)1−λ
⊗ σ(z) zn. (1.2.2)
In the above expressions, the contour may be any circle homotopic to S provided the
homotopy does not pass by any other field insertion. From now on, we take the prescrip-
tion of radial ordering on U . That is, if Φ1(z) and Φ2(w) are local operators inserted in
U with |z| > |w|, we always put Φ1(z) to the left of Φ2(w) in any correlation function.
Then, from the singular property of the product of ψ+ and ψ− , we see that the following
relations hold :
{ψ(+)n , ψ(−)m } = δn+m,0 , {ψ(±)n , ψ(±)m } = 0 . (1.2.3)
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Therefore ψ(+)n ’s and ψ
(−)
n ’s generate an infinite Clifford algebra. We can also take the
Laurent expansion of the regularized product of the coefficients ψσ± introduced in (1.1.3):
:ψσ−(z)ψ
σ
+(w): =
∑
m,n
:ψ(−)m ψ
(+)
n : z
−n−m−1
(
w
z
)−n−1+λ
for |z| > |w|,
where :ψ(−)m ψ
(+)
n : =
 ψ
(−)
m ψ
(+)
n if n ≥ λ
−ψ(+)n ψ(−)m if n < λ .
(1.2.4)
Using this formula as well as the expressions (1.1.15), (1.1.16), and also ωz = 0 and
Aσ = −a dz/z we have the expansions Jz(z) = ∑n Jnz−n−1 and Tzz(z) = ∑n Lnz−n−2 ,
where the coefficients are given by
Jn =
1
2πi
∮
dz znJz =
∑
m
:ψ
(−)
−mψ
(+)
n+m : +δn,0 a + δn,0
(
λ− 1
2
)
, (1.2.5)
Ln =
1
2πi
∮
dz zn+1Tzz (1.2.6)
=
∑
m
{
(λn+m) :ψ
(−)
−mψ
(+)
n+m : +a :ψ
(−)
−mψ
(+)
n+m :
}
+ δn,0
((
λ− 1
2
)
a +
1
2
a2 − cλ
24
)
.
In the radial ordering prescription, they satisfy the following commutation relations :
[Jn, ψ
(±)
m ] = ∓ψ(±)m+n , [Ln, ψ(±)m ] = −
(
1
2
n+m±
(
λ− 1
2
)
n∓ a
)
ψ
(±)
m+n , (1.2.7)
[Jn, Jm] = nδn+m,0 , (1.2.8)
[Ln, Jm] = −mJm+n +
(
λ− 1
2
)
n2δm+n,0 , (1.2.9)
[Ln, Lm] = (n−m)Lm+n + cλ
12
n3δm+n,0 . (1.2.10)
Note that Jn’s generate the Heisenberg algebra, the Lie algebra of the basic central ex-
tension of the group LU(1) of smooth loops in U(1), and that Ln’s generate the Virasoro
algebra of central charge cλ, the Lie algebra of a central extension of the group DiffS
1
of diffeomorphisms of S1. In the following, we interpret this mixed Clifford-Heisenberg-
Virasoro algebra as an operator algebra on a space of states.
Path Integral for a Surface with Boundary Circle
We go over to the holomorphic representations of the fermionic path integrals. Let
|Σ0, A0;O0〉 be the result of path integration over the fields ψ±, ψ¯± on the interior of Σ0,
fixing ψ+|S and ψ¯−|S to be ψ = ∑n ψnz−n(dz/z)1−λ⊗σ(z) and ψ¯ = ∑n ψ¯nz¯−n(dz¯/z¯)1−λ⊗
σ¯(z) respectively, where ψn and ψ¯n are grassmann odd indeterminates :
|Σ0, A0;O0 〉 =
∫
ψ=ψ+|S
ψ¯=ψ¯−|S
DΣ0ψ±ψ¯± e−IΣ0O0(ψ±ψ¯±) . (1.2.11)
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Similarly, we denote by 〈Σ∞, A∞;O∞| the integral over fields on the interior of Σ∞ with
the same boundary conditions on ψ+|S and ψ¯−|S :
〈Σ∞, A∞;O∞| =
∫
ψ+|S=ψ
ψ¯−|S=ψ¯
DΣ∞ψ±ψ¯± e−IΣ∞O∞(ψ±ψ¯±). (1.2.12)
Then the total path integral is given by 〈Σ∞, A∞;O∞|Σ0, A0;O0〉, where the pairing is
the result of path integration
∫ ∏
n dψndψ¯n over the fields on the circle S.
We proceed for a while without rigor until we define the spaces to which these states
(1.2.11), (1.2.12) belong and give the definition of the pairing. Let us look at the effect
of the presence of the contour integrals ψ(±)n , ψ¯
(±)
n . Obviously,
|Σ0, A0;ψ(+)n O0 〉 = ψn ∧ |Σ0, A0;O0 〉 . (1.2.13)
With the aid of the equation ∂¯A ψ− = 0 which holds on the interior of Σ0, we see that
|Σ0, A0; ǫˆψ(−)n O0 〉 =
(
d
dt
)
0
|Σ0, A0;O0 〉(ψ + tǫˆυn) , (1.2.14)
where ǫˆ is a grassmann odd parameter and υn = z
n(dz/z)1−λ⊗σ. In a word, the presence
of ψ(−)n has the effect i(υn) of getting rid of the indeterminate ψ−n. Similar roles are
played by ψ¯(−)n and ψ¯
(+)
n .
Now, let us consider the simple case with O0 = 1. Let H(λ,−) be the space Ω0(S1,C)
of smooth functions on S1 which is identified, using the frame
(
dz
z
)λ⊗σ−1, with the space
Ω0(S,Kλ⊗L−1) of sections of Kλ⊗L−1|S. We consider the subspace W(λ,−)Σ0 ⊂ H(λ,−)
identified with the space H0(Σ0, K
λ⊗L−1)|S of sections that extend holomorphically over
Σ0. Since ψ± behaves holomorphically on the interior of Σ0, we have∮
wψ|Σ0, A0 〉 = 0 for w ∈W(λ,−)Σ0 , (1.2.15)
and i(υ)|Σ0, A0 〉 = 0 for υ ∈W(1−λ,+)Σ0 . (1.2.16)
These conditions together with the anti-holomorphic counterparts determine the state
|Σ0, A0〉 up to constant. To see this, we need to know more about the subspaces W(··,··)Σ0 . Let
H+ (resp.H−) be the subspace of H = H
(λ,−) consisting of one particle states zn(dz/z)λ ⊗
σ−1 of positive frequency n ≥ 0 (resp.negative frequency n < 0). As the following
argument shows, the subspace W
(λ,−)
Σ0 is, in a sense, near to z
−dH+ for some integer d.
Let us cap the boundary S of Σ0 by the disc D∞ = {z−1 ∈ C; |z| ≥ 1} and denote the
resulting Riemann surface by Σ̂0. Extend the line bundle L|Σ0 to Σ̂0 by declairing that
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the frame σ extend holomorphically over D∞ and denote the result by Lˆ0. Then, both
W
(λ,−)
Σ0 ∩ z1−λH− ∼= H0(Σ̂0, Kˆλ0 ⊗ Lˆ−10 ) (1.2.17)
and H/(W
(λ,−)
Σ0 + z
1−λH−) ∼= H1(Σ̂0, Kˆλ0 ⊗ Lˆ−10 ) (1.2.18)
are finite dimensional and the difference of the dimensions is given by the index −c1(Lˆ0)+
(2λ− 1)(g0 − 1) =: d+ 1− λ, where g0 is the genus of Σ̂0. This shows that W(λ,−)Σ0 has a
dense subspace spanned by a sequence {wn}∞n=−d of elements having finite ordre of poles
at z =∞:
wn =
(
dz
z
)λ
⊗ σ−1
(
zsn +
∑
m<sn
zmTm,n
)
, (1.2.19)
where sn = n for sufficiently large n. In this sense we say that W
(λ,−)
Σ0 has virtual dimen-
sions d relative to H+. Similar argument shows also that W
(1−λ,+)
Σ0 ⊂ H(1−λ,+) have virtual
dimensions −d relative to zH(1−λ,+)+ . With respect to the natural pairing of H(1−λ,+) and
H(λ,−), W
(λ,−)
Σ0 is contained in the ortho-complement
(
W
(1−λ,+)
Σ0
)⊥
of W
(1−λ,+)
Σ0 . But the
virtual dimension of the latter relative to H+ is d and coinsides with that of the former.
So the pairing
W
(1−λ,+)
Σ0 ×H/W(λ,−)Σ0 −→ C (1.2.20)
is non-degenerate. This fact together with the conditions (1.2.15), (1.2.16) shows that the
state |Σ0, A0〉 is proportional to the “product” of infinite elements:
|Σ0, A0〉 ∝
∞∏
n=−d
∮
wnψ
∞∏
n=−d
∮
w¯nψ¯ , (1.2.21)
where {wn}∞n=−d (resp.{w¯n}∞n=−d) is a base of the space of holomorphic sections of Kˆλ0⊗Lˆ−10
(resp.anti-holomorphic sections of ˆ¯K
λ
0 ⊗ ˆ¯L
−1
0 ) having pole at z =∞ of finite ordre.
Definition of the Space of States and Representations of Infinite Dimensional Groups
Motivated by this “semi-infinite product of grassmann odd indeterminates”, we intro-
duce infinite dimensional grassmann manifold and determinant line bundle which provides
a natural description of the representation of loop groups on the space of states. The the-
ory is fully developped in [37], [31] and [36]. We choose an inner product on the space H
of one particle states such that {zn(dz/z)λ⊗σ−1}n∈Z forms an orthonormal base and take
the Hilbert space completion2. The grassmann manifold GrH+ relative to the subspace
H+ is the set of subspaces comparable with H+ where we say that a subspace W ⊂ H is
comparable with H+ when the projection W → H+ is a Fredholm operator ( kernel and
2In the following, for any subspace we encounter, we always take the completion.
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cokernel are both finite dimensional ) and the projection W → H− is a Hilbert-Schmidt
operator ( for some orthonormal base {en}, ∑n ||pr−(en)||2 <∞ ). For example, W(λ,−)Σ0 is
comparable with H+ since the projection to z
1−λH+ ( and hence to H+ ) has finite dimen-
sional kernel and cokernel as we have seen, and the projection to H− can be seen to be
Hilbert-Schmidt by the same argument as in [37]. The manifold GrH+ consists of infinite
number of connected components classified by the virtual dimensions relative to H+. The
group GLres defined by GLres = {f ∈ GL(H) ; pr∓ :fH± → H∓are both Hilbert-Schmidt}
acts transitively on GrH+ . It contains as subgroups the group Diff+S
1 of orientation pre-
serving diffeomorphisms of S1 and the group LC∗ of smooth loops in C∗ which act on the
space H by3
f ∈ Diff+S1 : w → f ♭w and h ∈ LC∗ : w → w.h−1. (1.2.22)
In the above expression, w.h−1 ∈ H is defined by the point-wise multiplication.
As in the finite dimensional case, we can define the determinant line bundle DetH+
C−→
GrH+ . Since the determinant cannot be defined for general operator on an infinite dimen-
sional space, GLres does not act on DetH+ but its central extension GL˜res does.
4 The
dual bundle Det∗H+ has plenty of holomorphic sections. Hence we have a representation
of GL˜res on the space Γ = H
0(GrH+ , Det
∗
H+
) and a representation on its dual FH+ = Γ∗.
An element w• in the determinant line DetH+(W) over W ∈ GrH+ of virtual dimension d
is represented by a base {wn}∞n=−d of W with the following property : If we denote the
integral 1
2πi
∮
wnψ by ψ(wn), the semi-infinite product
ψ(w•) = ψ(w−d)ψ(w−d+1)ψ(w−d+2) · · · · · · (1.2.23)
can be expanded ψ(w•) =
∑
S∈Sd πS(w•)ψS by the “monomials”
ψS = ψs−dψs−d+1ψs−d+2 · · · for S = {s−d, s−d+1, s−d+2, · · ·} (1.2.24)
where Sd is the set of subsets S = {s−d, s−d+1, ··} ⊂ Z such that sn < sn+1 for every
n and that sn = n for sufficiently large n. It can be shown that the coefficients πS(w•)
3It should be noted that the action of Diff+S
1 is well-defined only if a is an integer. Otherwise,
(1.2.22) must be understood as an infinitesimal representation. In the latter case, the operator on H is
generally unbounded, see [31].
4The extension 1→ C∗ → GL˜res → GLres → 1 corresponds to the extension of the Lie algebra whose
cocycle is given by
c
((
a1 b1
c1 d1
)
,
(
a2 b2
c2 d2
))
= trH+(b2c1 − b1c2)
where
(
a b
c d
)
is a representation matrix with respect to the decomposition H = H+ ⊕H−.
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are square summable:
∑
S |πS(w•)|2 < ∞. By the evaluation map Γ × DetH+ → C, we
may consider ψ(w•) as an element of FH+ and the vector space spanned by monomials
{ψS ; S ∈ S = ∪dSd} can be shown to be a dense subspace of FH+. Together with the
observation (1.2.21), this makes us to decide to take FH+ as ( the holomorphic part of )
the space of states |Σ0, A0;O0〉 appearing on the outgoing circle.
We can now identify the relations (1.2.7)∼(1.2.10) as the commutation relations of
operators on FH+ . As was noted, it is natural to interpret ψ+(w) as ψ(w)∧ for w ∈ H =
H(λ,−) and ψ−(υ) as i(υ) for υ ∈ H(1−λ,+). If g˜ ∈ GL˜res covers the element g ∈ GLres,
then we have
g˜ψ+(w)g˜
−1 = ψ+(gw) , g˜ψ−(υ)g˜
−1 = ψ−(gυ) . (1.2.25)
If we define the groups Diff+˜S
1 and L˜C∗ as the pull backs of GL˜res by the embedding
map of Diff+S
1 and LC∗ to GLres respectively, they have representations on the space
FH+ of states. Then, the commutation relations (1.2.7) are nothing but the infinitesimal
version of the relations (1.2.25), if Ln and Jn are interpreted as the infinitesimal generators
of that representations.
As ( the holomorphic part of ) the space of states 〈Σ∞, A∞;O∞| appearing on the
incoming circle, we take FH− the dual of the space of holomorphic sections of the dual
determinant bundle Det∗H− over the manifold GrH−. This is motivated by the fact that
the space W
(λ,−)
Σ∞ of holomorphic sections over Σ∞ is comparable with H−. We arrange
the element of FH− as a sum of monomials {ψR ; Z− R ∈ S} of the form
ψR = · · · · · ·ψr−d−2ψr−d−1ψr−d for R = {· · · , r−d−2, r−d−1, r−d}. (1.2.26)
Now we can define the pairing
∫ ∏
n dψn of the two spaces FH− and FH+ in the obvious
way: for η =
∑
R ηRψR ∈ FH− and ξ =
∑
S ξSψS ∈ FH+, we put
〈η, ξ〉 = ∑
S∈S
(−1){Z−S:S}ηZ−SξS , (1.2.27)
where (−1){Z−S:S} is the ratio of ψZ−SψS and ψZ<0ψZ≥0 .
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1.3 Field-State Correspondence and Spectral Flow
In this section, we introduce the notion of field-state correspondence. We also
define the spectral flow as the transformation of the space of states corresponding to the
screening of local fields by an external gauge field of certain configuration. It is identified
with the action of a certain element of the disconnected component of the loop group L˜C
∗
.
To start with, we record such configuration of gauge field. Since it will be frequently used
in this paper to define the spectral flow in various systems, we record it in full generality.
The Basic Configuration
We consider a trivial principal bundle P0 with a compact gauge group H over the unit
disc D0 = {z ∈ C ; |z| ≤ 1} provided with a trivialisation s0 : D0 → P0. We choose a
maximal torus T of H and denote its Lie algebra by Lie(T ). We also choose and fix a
cut off function ̺ : D0 → [0, 1] such that ̺ = 0 on a neighborhood of z = 0 and ̺ = 1
on a neighborhood of the boundary S = ∂D0. We assume that ̺ is rotationally invariant
: ̺ = ̺(|z|2). The basic gauge field Aa for ia ∈ Lie(T ) is given by the following form of
covariant derivative dAas0 = s0 · As0a :5
As0a = ̺
a
2
(
dz¯
z¯
− dz
z
)
= −̺ ia dθ . (1.3.1)
We can always find a holomorphic trivialization of the complexified bundle PC0 with
group HC, that is, we can find such a section σ0 of P
C
0 that ∂¯Aaσ0 = 0 for vector bundles
PC0 ×Hc V coming from holomorphic representations HC → GL(V ). If we find a map
h0 : D0 → HC which satisfies h0∂¯h−10 = ̺(a/2)dz¯/z¯, then σ0 = s0h0 is the desired
section. Especially, we can find the solution of the type h0 = e
f0(|z|2) with f0(0) = 0.
Such a solution behaves as h0 = c
−a
̺ |z|−a on a neighborhood of the boundary S where
log c̺ =
1
2
∫ 1
0 ̺(x)dx/x.
If a ∈ iLie(T ) lies in the lattice P∨ = 1
2πi
exp−1(1) ⊂ iLie(T ), then we can find
a horizontal section (or a horizontal frame) σ = s0e
iaθ on a neighborhood of S. This
horizontal frame σ defined around S and the holomorphic frame σ0 defined on D0 are
related to each other by a holomorphic transition function ha(z) = c
−a
̺ z
−a :
σ0(z) = σ(z)ha(z) , (1.3.2)
on a neighborhood of S.
5We define the angle θ and the radius r by z = reiθ. s0 here is represented as a frame of some vector
bundle associated to P0.
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Field-State Correspondence
Now let us introduce a one to one correspondence between local fields and states. In
a word, the state corresponding to a field is the result of propagation of the field through
the standard disc. We take as the standard disc D0, the disc with a complex coordinate
z : D0
∼=→ {z ∈ C; |z| ≤ 1} which gives a parametrisation of the boundary S = ∂D0 and
with a metric g0 = g0zz¯dzdz¯ + c.c. which is canonically flat g
zz¯
0 = 2 on a neighborhood of
z = 0 and behaves like cylinder gzz¯0 = 8π
2|z|2 near the boundary S. It has a unit curvature
i
2π
∫
D0
R(g0) = 1. Also we take as the standard line bundle LD0 , the trivial bundle with
a canonically flat connection A0 and a horizontal frame s0 which provides a horizontal
frame σ near S.
We insert a local field O at the center z = 0 of D0. We denote by |O〉 the state
|D0, A0 ;O(0)〉 ∈ FH+ ⊗FH¯+ corresponding to O with respect to the frame σ. For O = 1,
the state |1〉 is determined by the conditions (1.2.15), (1.2.16) up to proportionality which
depends on the metric g0. Because W
(λ,−)
D0
= {zn
(
dz
z
)λ⊗ σ−1; n ≥ λ} and W(1−λ,+)D0 =
{zn
(
dz
z
)1−λ⊗ σ ; n ≥ 1− λ}, the result is
|1〉 = |0〉 ⊗ |0〉 , (1.3.3)
where the vacuum |0〉 ∈ FH+ and |0〉 ∈ FH¯+ are given by
|0〉 = ψλψλ+1ψλ+2 · · · , |0〉 = ψ¯λψ¯λ+1ψ¯λ+2 · · · . (1.3.4)
For a non trivial field O 6= 1, we can determine |O〉 easily. For example, since the field
ψs0+ (0) can be obtained by contracting the contour integral
1
2πi
∮
z−1(dz)λ⊗σ−1ψ+ = ψ(+)λ−1,
we have |ψs0+ 〉 = ψ(+)λ−1|1〉 = ψλ−1ψλψλ+1 · · · ⊗ |0〉. In the similar way, we have |∂nz ψs0+ 〉 =
n!ψλ−n−1ψλψλ+1 · · · ⊗ |0〉 and |ψs0− 〉 = ψ(−)−λ |1〉 = ψλ+1ψλ+2ψλ+3 · · · ⊗ |0〉 etc.
We now comment on the action of the generators Jn and Ln. Since the metric g0
is not flat, neither Jz nor Tzz can be holomorphic.Taking into account the Levi-Civita
coonection terms in the expressions (1.1.15) and (1.1.16), we have
Jn|O〉 =
∣∣∣∣(J(zn) + (λ− 12
)
δn,0
)
O
〉
, Ln|O〉 =
∣∣∣∣(Lzn+1 ∂
∂z
− cλ
24
δn,0
)
O
〉
, (1.3.5)
where the fields in the right hand sides are defined in (1.1.8), (1.1.12). A field O with
eigen value (∆, ∆¯) for (Lz∂/∂z, Lz¯∂/∂z¯) and eigen value (q, q¯) for (J(1), J¯(1)) is said to
have conformal weight (∆, ∆¯) and charge (q, q¯). Then, for such a field O, we have
J0|O〉 =
(
q + λ− 1
2
)
|O〉 , L0|O〉 =
(
∆− cλ
24
)
|O〉 , (1.3.6)
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and similar equations for J¯0 and L¯0.
The Spectral Flow
Now let us consider, instead of the canonically flat connection, the basic configuration
Aa of gauge field for H = U(1) such that a ∈ R lies in the lattice 12πiexp−1(1) = Z.
We consider the line bundle LD0 to be associated to P0 by the representation (u, c) ∈
U(1) × C 7→ uc ∈ C. We get a new version of the field-state correspondence O ↔ |O〉a
where the latter is the state |D0, Aa ;O〉 ∈ FH+⊗FH¯+ with respect to the horizontal frame
σ along S. We call the transformation h˜a : |O〉 7→ |O〉a of the space FH+ ⊗ FH¯+ of states
the spectral flow. As the following argument shows, this operator h˜a can be identified as
the action of an element of the group L˜C∗ which is not in the identity component but in
the component of winding number a.
Since the frame σ0 = σha extend holomorphically over D0 and behaves as a unitary
horizontal frame in a small neighborhood of z = 0, for w ∈ H(λ,−) and υ ∈ H(1−λ,+) we
have
ψ+(w)h˜a|O〉 = h˜aψ+(w.ha)|O〉 , ψ−(υ)h˜a|O〉 = h˜aψ−(h−1a .υ)|O〉 , (1.3.7)
and similar equations for the anti-holomorphic part of the fields. In particular, the state
|1〉a satisfies the conditions ψ(+)n |1〉a = 0 for n ≥ λ+ a and ψ(−)n |1〉a = 0 for n ≥ 1−λ− a.
So we have |1〉a = |a〉 ⊗ |a〉 where |a〉 ∈ FH+ and |a〉 ∈ FH¯+ are given by
|a〉 = ψλ+aψλ+a+1ψλ+a+2 · · · , |a〉 = ψ¯λ+aψ¯λ+a+1ψ¯λ+a+2 · · · . (1.3.8)
The intertwining relation of this spectral flow h˜a and the currents J and T can be
read in the formulae (1.2.5) and (1.2.6) :
Jn h˜a|O〉 = h˜a(Jn + aδ0,n)|O〉 , (1.3.9)
Lnh˜a|O〉 = h˜a
{
Ln + aJn +
1
2
a2 δ0,n
}
|O〉 . (1.3.10)
We may consider the state |O〉a to correspond in the standard way to a new field Oa.
If a field O has conformal weight (∆, ∆¯) and charge (q, q¯), the new field Oa has conformal
weight (a∆, a∆¯) and charge (aq, aq¯) related to the old ones by the following
a∆ = ∆ + qa +
(
λ− 1
2
)
a+
1
2
a2 , aq = q + a , (1.3.11)
and similar equations for a∆¯ and aq¯.
To summarize, if a field O is screened by the basic gauge field Aa, it becomes another
field Oa where the change of conformal weight and charge is given by (1.3.11). The
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transformation O 7→ Oa corresponds to the spectral flow h˜a : FH+ → FH+ which comes
from the action of an element of the group ˜LC∗ of winding number a.
1.4 Theories of Higher Ranks
Let us next consider a system of multi-component fermions. The classical action
I is the same as (1.0.1) provided that the fields take values in vector bundles. We consider
the vector bundles with strucures finer in general than hermitian structure. So, let H be
a compact Lie group, and V be a finite dimensional complex vector space with a unitary
representation of H . Let P be a principal H bundle with conncetion A and E be the
associated V bundle E = P×HV . We consider four kinds of anti-commuting fields:
ψ+ ∈ Ω0(Σ, K1−λ⊗E) , ψ¯+ ∈ Ω0(Σ, K¯λ⊗E) ,
ψ− ∈ Ω0(Σ, Kλ ⊗ E∗) , ψ¯− ∈ Ω0(Σ, K¯1−λ ⊗E∗) ,
where E∗ is the dual bundle P ×H V ∗ of E. In the process of quantisation, things are
essentially the same as in the case of one-component fermions but some modifications are
required.
Energy momentum tensor T and H-current J are defined by (1.1.4) where δA is a one
form valued in the adjoint bundle adP = P ×H Lie(H). Therefore, the current J takes
values in the coadjoint bundle adP ∗. The conformal and chiral anomaly (see equation
(1.1.5)) for the transformation g→ eφg, ∂¯A → h−1∂¯Ah where h is an automorphism of PC
is given by
I( g, A ;φ, hh∗) =
cλ,V i
48π
∫
Σ
(
∂φ∂¯φ+ 2RΘφ
)
− i
2π
(
λ− 1
2
)∫
Σ
tr
E
(
FAφ− ∂φ(hh∗)−1∂¯(hh∗)
)
+IE
(
A+
(
λ− 1
2
)
Θ, hh∗
)
, (1.4.1)
where cλ,V = cλdimV . IE in the above equation is the Wess-Zumino-Witten action for
the bundle E which is determined by the following conditions:(
d
dt
)
0
IE
(
A+
(
λ− 1
2
)
Θ, etǫ
)
=
1
2πi
∫
Σ
tr
E
{
ǫ
(
FA +
(
λ− 1
2
)
RΘ
)}
, (1.4.2)
IE
(
A+
(
λ− 1
2
)
Θ, h1h2h
∗
2h
∗
1
)
= IE
(
Ah1+
(
λ− 1
2
)
Θ, h2h
∗
2
)
+ IE
(
A+
(
λ− 1
2
)
Θ, h1h
∗
1
)
.
(1.4.3)
A description of the Wess-Zumino-Witten action is given in the next chapter. The Ward
identities satisfied by J and T have exactly the same form as (1.1.7), (1.1.9) and (1.1.11)
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though, this time, we need to put tr
E
in suitable places. The expressions for J and T in
terms of the fundamental fields ψ±, ψ¯± are given by
Jǫ = :ψ−ǫ ψ+: , T = −λ :ψ−∂Aψ+: + (1− λ) :∂Aψ−ψ+: , (1.4.4)
where the definitions of the regularized products are the obvious generalisations of (1.1.14).
If we choose a local section σ of P or PC, then it defines local frames : σV of E, σ
−1
V
= σ
V ∗
of E∗, σad of adP or of adPC, etc. With respect to these frames, we have the local
expressions ψ+ = (dz)
1−λ ⊗ σ
V
ψσ+ and ψ− = (dz)
λ ⊗ σ−1
V
ψσ− in terms of the vector valued
coefficients ψσ+(z) ∈ V and ψσ−(z) ∈ V ∗. Using the obvious generalization to this case
of the definition (1.1.3) of the normal ordered product of the coefficients, J and T are
expressed as
Jz(σadX) = : ψ
σ
−Xψ
σ
+ : −trV (AσzX)−
(
λ− 1
2
)
tr
V
(X)ωz , (1.4.5)
Tzz = −λ : ψσ−∂zψσ+ : +(1− λ) : ∂zψσ−ψσ+ : −
cλ,V
12
(
∂zωz − 1
2
ωzωz
)
− : ψσ−Aσzψσ+ : +trV
((
λ− 1
2
)
∂zA
σ
z +
1
2
AσzA
σ
z
)
. (1.4.6)
Operator Formalism
As in the case of one-component fermion, we choose a circle c : S1 → S ⊂ Σ which
devides Σ into two parts Σ∞ and Σ0 with a complex coordinate z on an annular neigh-
borhood U of S. We choose a metric g flat on U with the coefficient gzz¯ = 8π2|z|2 and a
connection A of P which is also flat on U admitting a holomorphic section σ : U → PC
of the form Aσ = −a dz/z where ia ∈ Lie(H). We consider the Laurent expansion of ψ±.
If {eI}I∈I(V ) is a base of V dual to a base {eI}I∈I(V ) of V ∗ where I(V ) is an indexing set,
the coefficients ψ(+)n = eIψ
I(+)
n ∈ V and ψ(−)n = eIψ(−)n,I ∈ V ∗ are given by
ψI(+)n =
1
2πi
∮ (dz
z
)λ
⊗ σ
V
(z)−1eIzn ψ+(z) , (1.4.7)
ψ(−)n,I =
1
2πi
∮
ψ−(z)
(
dz
z
)1−λ
⊗ σ
V
(z)eIz
n . (1.4.8)
They satisfy the following anti-commutation relations in the radial ordering prescription:
{ψ(−)n,J , ψI(+)m } = δIJδn+m,0 , {ψ(±)n , ψ(±)m } = 0 . (1.4.9)
If we define the normal ordered product of these coefficients by
: ψ(−)m,Iψ
J(+)
n : =
 ψ
(−)
m,IψJ(+)n if n ≥ λ
−ψJ(+)n ψ(−)m,I if n ≤ λ− 1 ,
(1.4.10)
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the Laurent coefficients of the expansions of Jz and Tzz can be written as
Jn(X) =
1
2πi
∮
dz znJz(σadX) =
∑
m
: ψ
(−)
−mXψ
(+)
n+m : +δn,0trV
(
aX+
(
λ− 1
2
)
X
)
,(1.4.11)
Ln =
1
2πi
∮
dz zn+1Tzz (1.4.12)
=
∑
m
{
(λn+m) :ψ
(−)
−mψ
(+)
n+m : + :ψ
(−)
−m aψ
(+)
n+m :
}
+ δn,0trV
((
λ− 1
2
)
a+
1
2
a2 − cλ
24
)
,
where X ∈ Lie(H)C. The commutation relations satisfied by them are
[Jn(X), ψ
(±)
m ] = ∓Xψ(±)n+m , [Ln, ψ(±)m ] = −
(
1
2
n+m±
(
λ− 1
2
)
n∓ a
)
ψ
(±)
n+m ,
(1.4.13)
[Jn(X), Jm(Y )] = Jn+m([X, Y ]) + nδn+m,0trV (XY ) , (1.4.14)
[Ln, Jm(X)] = −Jn+m(mX − [a,X ]) +
(
λ− 1
2
)
n2δn,0trV (X) , (1.4.15)
[Ln, Lm] = (n−m)Ln+m + cλ,V
12
n3δn+m,0 . (1.4.16)
We can consider these commutation relations to have come from a projective repre-
sentation of the group LHC of loops in HC and the group DiffS
1 of diffeomorphisms of
S1 on a space of states. The choice of the space of states prodeeds just as in the case of
one component fermions. That is, the space of states is chosen to be the dual FVH+ of the
space of holomorphic sections of the bundle Det∗H+ over the grassmann manifold Gr
V
H+
.
This grassmannian GrVH+ consists of subspaces of the space H
(λ,V ∗) ∼= Ω0(S,Kλ ⊗ E∗) of
one particle states comparable with the subspace H
(λ,V ∗)
+ of particles of positive frequency.
We should note that we have to choose a base {eI}I∈I(V ) of V ∗ and a total ordering <
of the indexing set I(V ) to define the determinant line bundle DetH+ (or its dual). The
space FVH+ is spanned by the semi-infinite products of grassmann-odd indeterminates of
the following form
ψI1n1ψ
I2
n2
ψI3n3 · · ·ψIsnsψVNψVN+1ψVN+2 · · · , (1.4.17)
where N is some integer and ψVn for n ∈ Z in the above expression is given by
ψVn = ψ
J1
n ψ
J2
n ψ
J3
n · · ·ψJdimVn ; J1 < J2 < J3 < · · · < JdimV . (1.4.18)
The contour integrals ψI(+)n and ψ
(−)
n,I acts on FVH+ by ψI(+)n = ψIn× and ψ(−)n,I = i(υn,I) where
υn,I is the element
(
dz
z
)1−λ⊗ σ
V
eI ∈ H(1−λ,V ) and i(υ) is the inner derivation i(υ)F (ψ) =
(d/dǫˆ)F (ψ + ǫˆυ).
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Field -State Correspondence and Spectral Flow
Let (D0, g0, z) be the standard disc with metric and coordinate introduced previously,
and let EV0 = P0×HV be a vector bundle with fibre V associated to the trivial H-bundle
P0 over the disc D0. We choose a canonically flat connection A0 and a frame s0 horizontal
with respect to A0. Then we have a one to one correspondence O ↔ |O〉 = |g0, A0;O(0)〉
between fields and states. For example, we have the state corresponding to the identity :
|1〉 = |0〉 ⊗ |0〉 where |0〉 ∈ FVH+ and |0〉 ∈ FV
∗
H¯+
are given by
|0〉 = ψVλ ψVλ+1ψVλ+2 · · · , |0〉 = ψ¯V
∗
λ ψ¯
V ∗
λ+1ψ¯
V ∗
λ+2 · · · . (1.4.19)
We now choose a maximal torus T of H . A field O is said to have conformal weight
∆ and charge q ∈ Lie(T )∗
C
if it satisfies Lz(∂/∂z)O = ∆O and J(x)O = q(x)O for any
x ∈ Lie(T )C. Then, the state |O〉 corresponding to such a field O satisfies
J0(x)|O〉 =
(
q(x)−
(
λ− 1
2
)
tr
V
(x)
)
|O〉 , L0|O〉 =
(
∆− cλ,V
24
)
|O〉 , (1.4.20)
for x ∈ Lie(T )C.
Next, we consider the basic configuration Aa of gauge field where a ∈ iLie(T ) is in the
lattice T∨ = 1
2πi
exp−1(1). We get a new version of the correspondence O ↔ |O〉a where
the latter is the state |g0, Aa;O(0)〉 ∈ FVH+ ⊗FV
∗
H¯+
with respect to the horizontal frame σ
V
along S. The transformation h˜a : |O〉 → |O〉a of FVH+ ⊗FV
∗
H¯+
is called the spectral flow. It
is given by the action of an element of the group L˜HC. ( The element may or maynot be
in a non-trivial connected component of the group. It depends. )
Since σ0 = σha extends holomorphically over D0, the intertwining relation of this
spectral flow h˜a and the currents ψ±, Jn and Ln are given by the following :
ψ+(w)h˜a|O〉 = h˜aψ+(w.ha)|O〉 , ψ−(υ)h˜a|O〉 = h˜aψ−(ha.υ)|O〉 , (1.4.21)
Jn(x)h˜a|O〉 = h˜a(Jn(x) + δn,0trV (ax)) |O〉 , (1.4.22)
Jn(eα)h˜a|O〉 = cα(a)̺ h˜aJn+α(a)(eα)|O〉 , (1.4.23)
Lnh˜a|O〉 = h˜a
{
Ln + Jn(a) +
1
2
δn,0trV (a
2)
}
|O〉 , (1.4.24)
where w ∈ H(λ,V ∗), υ ∈ H(1−λ,V ), x ∈ Lie(T )C and eα ∈ Lie(H) is a root vector for a root
α ∈ ∆ of H . We take the base {eI}I∈I(V ) of V consisting of vectors of definite weight :
xeI = λI(x)eI for x ∈ Lie(T )C. This enables us to write down the state |1〉a in a rather
explicit way. With the aid of (1.4.21), we have |1〉a = |a〉⊗|a〉 up to proportionality where
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|a〉 ∈ FVH+ and |a〉 ∈ FV
∗
H¯+
are given by
|a〉 = ∏
I∈I(V )
|λI(a)|∏
n=1
ψ(a)n,I |0〉 , |a〉 =
∏
I∈I(V )
|λI(a)|∏
n=1
ψ¯(a)n,I |0〉 , (1.4.25)
where ψ
(a)
n,I in the right hand side of the first formula is given by
ψ(a)n,I =
 ψ
I(+)
λ−n if λI(a) < 0
ψ
(−)
1−λ−n ,I if λI(a) > 0 .
(1.4.26)
ψ¯
(a)
n,I is given in the similar way.
We may consider the state |O〉a to correspond in the standard way to a new field Oa. If
a field O has conformal weight (∆, ∆¯) and charge (q, q¯), the new field Oa has conformal
weight (a∆, a∆¯) and charge (aq, aq¯) related to the old ones by
a∆ = ∆ + q(a) + tr
V
((
λ− 1
2
)
a+
1
2
a2
)
, aq(x) = q(x) + tr
V
(ax) , (1.4.27)
and similar equations for a∆¯ and aq¯.
To summarize, if a field O is screened by the basic gauge field Aa, it becomes another
field Oa where the change of conformal weight and charge is given by (1.4.27). The
transformation O 7→ Oa corresponds to the spectral flow h˜a : FVH+ → FVH+ which comes
from the action of an element of the group L˜HC.
28
CHAPTER 2. WESS-ZUMINO-WITTEN MODEL
In this chapter, we study the WZW models for compact groups coupled
to external gauge fields of various topological types. Introducing a line bundle over the
loop group, we construct the WZW action for topologically non-trivial configurations. We
develop a gauge covariant operator formalism and establish the field-state correspondence.
Finally, we describe the spectral flow as the screening of fields by non-flat gauge field
without holonomy.
Let G be a compact, connected and simply connected Lie group with center ZG and
let H be the quotient group G/ZG. H acts on G as an automorphism group by (h, g)→
hgh−1.6 Let P be a principal H bundle over a compact Riemann surface Σ. Note that
the set of topological types of H-bundle over Σ is naturally identified with π1(H) ∼= ZG.
Let adGP be the associated G fibering adGP = P×HG and adG
C
P be the GC fibering.
The WZW action I = IΣ,P (A, g) is a functional of the triple of a Riemann surface Σ,
a connection A of P and a section g of adG
C
P which is characterized by the following
relations: (
d
dt
)
0
IΣ,P (A , e
tǫ ) =
1
2πi
∫
Σ
tr
P
(ǫ FA) , (2.0.1)
IΣ,P (A
h, g) = IΣ,P (A, hgh
∗)− IΣ,P (A, hh∗) . (2.0.2)
In the above expressions, ǫ is a section of adP = P ×H Lie(H) and h : PC → PC is
an automorphism which gives a transformation ∂¯A → ∂¯Ah = h−1∂¯Ah. trP is the trace of
End(adP ) normalized by tradP = 2g
∨tr
P
where g∨ is the dual Coxeter number of G.7
The latter (2.0.2) is named as the Polyakov-Wiegmann (P-W) identity. These properties
are just what we would expect for the chiral anomaly in the model of multi-component
spin-half fermions (see (1.4.2), (1.4.3)). Indeed, WZW model was first introduced as the
non-abelian bosonization of spin-half fermions [40]. If P is topologically trivial, choosing
a trivialization, we can write the action in a rather explicit way:
IΣ(A, g) =
i
4π
∫
Σ
tr
(
∂g−1∂¯g
)
− i
12π
∫
BΣ
tr
(
g˜−1dg˜
)3
+
i
2π
∫
Σ
tr
(
g∂g−1A′′ + A′g−1∂¯g + A′g−1A′′g − A′A′′
)
, (2.0.3)
6We denote the element [h] of H by the same letter as a representative h in G.
7If G is not simple, P decomposes as P = P1×Σ· · ·×ΣPM according to the decompositionG =
∏M
i=1Gi
into simple factors. Then, tradP = 2g
∨tr
P
should be understood as tradPi = 2g
∨
i trPi for each i.
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where BΣ is a three manifold with boudary ∂BΣ = Σ, g˜ is an extension of g : Σ → G
to g˜ : BΣ → G. A′ and A′′ are Lie(G)C valued (1, 0) and (0, 1) forms representing the
connection A with respect to the chosen trivialization. tr is defined by 2g∨tr(AB · · ·) =
trLie(G)(adAadB · · ·) and induces an invariant bilinear form in the space spanned by roots
such that ||α||2 = 2 for a long root α. We can see that the above action integral is
independent of the choice of BΣ and g˜ up to the addition of 2πiZ. If the H bundle P is
topologically non trivial, the expression for the action is more involved. We will exhibit
shortly how to construct it. In any case, enIΣ,P (A,g) is well defined if n ∈ Z.
2.1 Path Integral Quantization
Now, let us quantize the system with the classical action kIΣ,P (A, g) for k ∈ N8
considering A as an external gauge field. A Riemannian metric g on Σ defines an adjoint
invariant inner product on the vector space Ω0(Σ, adP )9 and in turn, this inner product
defines a left-right invariant Riemannian metric hg on the space GP,G = Γ(Σ, adGP ) of
smooth sections of adGP . We assume without proof that this metric hg defines a left-right
invariant measure Dgg on GP,G :∫
GP,G
Dgg f(agb) =
∫
GP,G
Dgg f(g) , (2.1.1)
where a and b are sections of adGcP and f is a function on Γ(Σ, adGcP ) which is well
behaved in some sense. The center of our interest is the behavior of the function
ZΣ,P ( g, A ;O ) =
∫
GP,G
Dgg e−kIΣ,P (A,g)O(g) , (2.1.2)
under the variation of (g, A). As the field insertion O,we consider
O(g) =
s∏
l=1
ρΛl(g(xl)) , (2.1.3)
where x1, x2, · · · , xs are points in Σ, Λl parametrizes a unitary irreducible representation
of G on a vector space VΛl and x 7→ ρΛ(g(x)) is the section of adGL(VΛ)P determined by
g. Note that H acts on GL(VΛ) by (h,M)→ hMh−1 by the Schur’s lemma.
8If G is a direct product
∏M
i=1Gi of simple groups, the level k is a sequence of natural numbers
k = (k1, · · · , kM ) and kIΣ,P should be understood as the sum
∑M
i=1 kiIΣ,Pi where IΣ,Pi is the WZW
action for the principal Gi/ZGi-bundle Pi.
9Remark that the pointwise composition makes the space GP,G = Γ(Σ, adGP ) an infinite dimensional
Lie group with Lie algebra Ω0(Σ, adP ).
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Ward Identities
The left-right invariance of the measure (2.1.1) and the P-W identity (2.0.2) lead to the
following response of Z(O) to the chiral gauge transformation A→ Ah by h : PC → PC :
ZΣ,P ( g, A
h;O ) = ekIΣ,P (A,hh∗)ZΣ,P ( g, A ; hO ) , (2.1.4)
where hO is defined by hO(g) = O(h−1gh∗−1). This formula leads to the following Ward
identities for the insertion of the current J (see (1.1.4) for the definition of the current) :
ZΣ,P
(
g, A ; 1
2πi
∫
Σ
(J∂¯Aǫ− J¯∂Aǫ∗)O
)
(2.1.5)
=
ik
2π
∫
Σ
tr
P
(
(ǫ+ ǫ∗)FA
)
ZΣ,P ( g, A ;O ) + ZΣ,P
(
g, A ; J(ǫ)O + J¯(ǫ)O
)
,
ZΣ,P
(
g, A ; 1
2πi
∫
Σ
(
J∂¯Aǫ1
)
Jǫ2(x)O
)
(2.1.6)
= k tr
P
(∂Aǫ1ǫ2)(x)ZΣ,P ( g, A ;O ) + ik
2π
∫
Σ
tr
P
(ǫ1FA)ZΣ,P ( g, A ; Jǫ2(x)O )
+ZΣ,P
(
g, A ; J [ǫ1, ǫ2](x)O + Jǫ2(x) J(ǫ1)O
)
,
where J(ǫ) and J¯(ǫ) are defined by J(ǫ)O(g) = d
dt
∣∣∣
0
O(e−tǫg) and J¯(ǫ)O(g) = d
dt
∣∣∣
0
O(ge−tǫ∗).
To derive (2.1.6), we have used the relation
δAIΣ,P (A, hh
∗) =
i
2π
∫
Σ
tr
P
(
hh∗∂A(hh
∗)−1δA′′ + δA′(hh∗)−1∂¯A(hh
∗)
)
, (2.1.7)
which is easily proved for the action given in (2.0.3) and which also holds for the action
we shall construct for the topologically non-trivial P .
We assume that Z(O) behaves under the conformal transformation g→ geφ as10
ZΣ,P ( ge
φ, A ;O ) = ecSL(g,φ)−
∑
l
∆lφ(xl)ZΣ,P ( g, A ;O ) , (2.1.8)
where ∆l’s and c = cG,k are numbers to be determined. The appearance of the factor
−∆lφ(xl) could be understood to come from the renormalization of the field ρΛl(g(xl))
with respect to the scale determined by the metric g. This leads to the following expression
for the (1, 1)-part of the energy momentum tensor :
Tzz¯ = −cG,k
12
RΘzz¯ − 2πi
s∑
l=1
∆lδxlzz¯ . (2.1.9)
Next we derive Ward identities for insertion of the energy momentum tensor. Let
ft : Σ → Σ be a one parameter group of diffeomorphisms generated by a vector field v
10SL(g, φ) is the Liouville functional
i
48pi
∫
Σ(∂φ∂¯φ+ 2RΘφ) which has already appeared in Chapter 1.
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and let f˜t : P → P be its horizontal lift with respect to the connection A. We consider
the variation (g, A) → (f ∗t g, f˜ ∗t A) for which we think of A as the connection form on P .
Then, since the automorphism f ♯t of the Lie group GP,G = Γ(adGP ) defined by (f ♯t g)(x) =
f˜−1t g(ft(x)) is an isometry of the Riemannian manifolds f
♯
t : (GP,G, hg ) → (GP,G, hf∗t g )
and since we can prove the invariance of the classical action If∗t Σ,P (f˜
∗
t A, f
♯
t g) = IΣ,P (A, g),
we have the following identity :
ZΣ,P ( f
∗
t g, f˜
∗
t A ;O ) = ZΣ,P ( g, A ; ftO ) , (2.1.10)
where ftO is given by ftO(g) = O(f ♯t g). With the aid of the expression (2.1.9) and
δ( g , A ) = (Lvg , i(v)FA ), the infinitesimal version of the identity (2.1.10) can be written
as
ZΣ,P
(
g, A ; 1
2πi
∫
Σ
dzdz¯
[
∂z¯v
zTzz − cG,k
12
(∇zvz+∇z¯vz¯)RΘzz¯ + ∂zvz¯Tz¯z¯
]
O
)
(2.1.11)
+ZΣ,P
(
g, A ; 1
2πi
∫
Σ
[(vzJz + v
z¯J¯z¯)FA]O
)
= ZΣ,P
(
g, A ;LvO +
s∑
l=1
∆l(∇zvz+∇z¯vz¯)xlO
)
,
where Lv is defined by LvO = ( ddt)0ftO.
Local Expression of the Current and the Sugawara Construction
Let us take a local holomorphic section σ of PC over an open subset Uσ ⊂ Σ. With
respect to this section, the connection is represented by a (1, 0) form Aσ = Aσzdz and the
curvature is given by FA = σad∂¯A
σ. From the first Ward identity (2.1.5), we see that we
can take the local holomorphic part Jσ of the current J :
JσadX = J
σ(X)− k tr(AσX) , (2.1.12)
where X ∈ Lie(G)C. Looking at the second Ward identity (2.1.6), we see the following
singular behavior of the product of two currents:
Jσz(X)(z) J
σ
z(Y )(w) =
k tr(XY )
(z − w)2 +
1
z − wJ
σ
z([X, Y ])(w)+ :J
σ
z(X)(z) J
σ
z(Y )(w) : , (2.1.13)
where the last term in the right hand side is regular as z → w.
Classically the current and the energy momentum tensor are given by Jǫ = ktr
P
(g∂Ag
−1ǫ)
and Tzz =
k
2
tr
P
(g∂Azg
−1)2, and we see that Tzz has a quadratic expression in terms of cur-
rents : Tzz =
1
2k
(Jz, Jz)P where ( , )P is the bilinear form on (adPC)
∗ induced by tr
P
. We
shall assume that in the quantum theory the energy momentum tensor still has an expres-
sion quadratic in the currents. However, the product Jz(z)Jz(z) is seen to be ill-defined
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in view of the equation (2.1.13), so we consider the following regularization :
: (J, J ) : = lim
ǫ→0
{(
τ ζǫz J(ζǫ), τ
wǫ
z J(wǫ)
)
P
− k dimG
(
(dz)2
(ζǫ − wǫ)2 −
(dz)2
12
(∂zωz−2ω2z)
)}
.
(2.1.14)
In the above expression, ζǫ, z, and wǫ are on a geodesic τ with equal distance dg(ζǫ, z) =
dg(z, wǫ) = ǫ and τ
w
z is the parallel transform of K ⊗ (adPC)∗ along τ from w to z. We
add the term −(dz)2(∂zωz − 2ω2z)/12 to give (dz)2/(ζǫ − wǫ)2 a covariant meaning in the
limit ǫ→ 0. Taking the assymptotic behavior (2.1.13) into account, we see that the limit
ǫ→ 0 is well defined up to a term which depends on the direction of the geodesic τ and
which we discard. This normal ordered product : (J, J) : has a local expression in terms
of the holomorphic part Jσ (2.1.12) of the current and their regularized product given in
(2.1.13):
: (Jz, Jz) : = η
ab :Jσz (ea)J
σ
z (eb) : (2.1.15)
+2(k + g∨)
{
−Jσz (Aσz ) +
k
2
tr(Aσ2z )−
k dimG
12(k + g∨)
(
∂zωz − 1
2
ω2z
)}
.
where {ea} is a base of Lie(G)C and ηabtr(ebec) = δac .
Now let us assume that Tzz is proportional to : (Jz, Jz) :. Inserting the expression
(2.1.15) into the Ward identity (2.1.11), we see that we must have
Tzz =
1
2(k + g∨)
: (Jz, Jz ) : , (2.1.16)
and cG,k =
k dimG
k + g∨
, ∆l =
C2(Λl)
2(k + g∨)
, (2.1.17)
where C2(Λ) is a constant defined by C2(Λ) = η
abρΛ(ea)ρΛ(eb). This assumption is
non-trivial and together with the Ward identities (2.1.5), (2.1.6) lead to the functional
differential equations for ZΣ,P ( g, A ;O ) which, in the topologically trivial case, gave the
non-perturbative definitions of the partition and correlation functions [24], [11], [3].
2.2 The WZW Action for General Principal H-Bundle
We choose a parametrized circle c : S1 → S ⊂ Σ which devides Σ into two
parts Σ∞, Σ0 with boundary S = ∂Σ0 = −∂Σ∞ and a complex coordinate z defined on
a neighborhood U of S just as in Chapter 1. In the next section, we consider the states
ZΣ0(A0;O0) and ZΣ∞(A∞;O∞) formally given by the integral
ZΣ0(A0;O0)(γ) =
∫
γ=g|S
DΣ0g e−kIΣ0(A0,g)O0(g) , (2.2.1)
ZΣ∞(A∞,O∞)(γ) =
∫
g|S=γ
DΣ∞g e−kIΣ∞(A∞,g)O∞(g) , (2.2.2)
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and develop an operator formalism which is covariant in a sense that becomes clear. To
do that, we first construct the weights e−kI for Riemann surfaces with a circle bound-
ary, following the way found by Felder, Gawedzki and Kupiainen [12]. This leads to a
construction of the WZW action IΣ,P (A, g) for general principal H-bundle P .
The Line Bundle L
WZ
over the Loop Group LGC
We start with defining the weight e−kIΣ0 (A,g) for a Lie(H) valued one form A and a
GC valued function g on Σ0 with the boundary loop γ = g|S ∈ LGC. We “cap” the
surface Σ0 by the disc D∞ = {z−1 ∈ C; |z|−1 ≤ 1} and denote the capped surface by
Σˆ0. If we choose a map g∞ : D∞ → GC with g∞|−∂D∞ = γ, we can define the action
IΣˆ0(0 ⋆ A, g∞ ⋆ g) by (2.0.3) where (0⋆A, g∞⋆g) coincides with (0, g∞) on D∞ and with
(A, g) on Σ0. Since we do not have a canonical way to choose g∞, we consider the set
D∞GC|γ = {g∞ :D∞ → GC ; g∞|S = γ} of all extensions and put a suitable equivalence
relation11 in D∞GC|γ ×C which gives a complex line
(
Lk
WZ
)
γ
so that the class
e−kIΣ0(A,g) = {(g∞, e−kIΣˆ0(0⋆A,g∞⋆g))} ∈
(
Lk
WZ
)
γ
(2.2.3)
is independent of the choice g∞ of extension. Gathering all the loops γ ∈ LGC, we obtain
a line bundle Lk
WZ
=
⋃
γ(LkWZ)γ. Therefore, the wave function γ 7→ ZΣ0(A0;O0)(γ) is a
section of Lk
WZ
|LG C−→ LG.
The group structure of LGC lifts by {(g1, c1)}{(g2, c2)} = {(g1g2, e−kΓD∞(g1,g2)c1c2)}
to the semigroup structure of Lk
WZ
where ΓD∞(g, h) is given by
i
2π
∫
D∞
tr(h∂h−1g−1∂¯g).
The set (L
WZ
)× of non-zero elements in L
WZ
is the basic central extension L˜GC of LGC.
Most strikingly the weight e−kIΣ0 satisfies the following version of the Polyakov-Wiegmann
identity :
e−kIΣ0(A,hgh
∗) = e−kIΣ0(A,h)e−kIΣ0(A
h,g)e−kIΣ0 (A,h
∗)e−kΓΣ0(A,h,h
∗) , (2.2.4)
; ΓΣ0(A, h, h
∗) =
i
2π
∫
Σ0
tr
(
h∗∂Ah
∗−1h−1∂¯Ah
)
, (2.2.5)
for GC valued functions g, h on Σ0. This identity holds true if h is HC valued with
contractible boundary loop h|S = [γ] ∈ L0HC ∼= LGC/ZG, though we needs some care to
define e−kIΣ0 (A,h)⊗e−kIΣ0(A,h∗) ∈ (Lk
WZ
)γ⊗(LkWZ)γ∗ . If h is H-valued, (2.2.4) can be written
as
11The following is the explicit description of the equivalence relation in D∞Gc×C where D∞Gc is the
group of smooth maps of D∞ to Gc :
(gh, c) ∼ (g, c exp{kIP1(h ⋆ 1) + kΓD∞(g, h)})
where g, h ∈ D∞Gc such that h|∂D∞ = 1 and ΓD∞(g, h) is given above.
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γ−1e−kIΣ0(A,g)γ = e−kIΣ0(A
h,h−1gh) , (2.2.6)
where γ ∈ LG is a representative of the boundary value h|∂Σ0 ∈ L0H . In this sense we
can say that the weight e−kIΣ0(A,g) defined above is gauge covariant.
Remark. The identity (2.2.6) holds true when [γ] ∈ LH is a non-contractible boundary
value of an H valued function h defined on a neighborhood of ∂Σ0 and when g is different
from 1 only on the same neighborhood. Note that the pointwise adjoint action of LH on
LGC lifts to a unique automorphic action on the semigroup LkWZ (see Appendix 1).
Quite in the similar way, we define a line bundle L∗k
WZ
so that the class
e−kIΣ∞(A,g) = {(g0, e−kIΣˆ∞(A⋆0,g⋆g0))} ∈
(
L∗k
WZ
)
g|S
(2.2.7)
is independent of the extension g0 : D0 → GC of a GC valued function g on Σ∞ where A
is a Lie(H) valued one form on Σ∞. The weight e
−kIΣ∞(A,g) satisfies the P-W identity
e−kIΣ∞(A,hgh
∗) = e−kIΣ∞(A,h)e−kIΣ∞(A
h,g)e−kIΣ∞(A,h
∗)e−kΓΣ∞(A,h,h
∗) , (2.2.8)
with respect to the composition law in L∗k
WZ
analogous to the one in Lk
WZ
. Note that we
can identify L∗k
WZ
as the dual L−k
WZ
of Lk
WZ
by the pairing
{(g0, c0)}.{(g∞, c∞)} = c0c∞ekIP1(g∞⋆g0) ∈ C. (2.2.9)
Construction of the Action
We come back to the closed Riemann surface Σ = Σ∞ ∪ Σ0. If g∞ : Σ∞ → G and
g0 : Σ0 → G are restrictions of a smooth map g : Σ→ G, and if Lie(G) valued one forms
A∞ ∈ Ω1(Σ∞,Lie(G)), A0 ∈ Ω1(Σ0,Lie(G)) are restrictions of A ∈ Ω1(Σ,Lie(G)), then,
the pairing of e−kIΣ∞(A∞,g∞) ∈ L∗k
WZ
and e−kIΣ0(A0,g0) ∈ Lk
WZ
reproduces the weight
e−kIΣ(A,g) = e−kIΣ∞(A∞,g∞).e−kIΣ0 (A0,g0) ∈ C , (2.2.10)
for the trivial H bundle over the closed surface Σ which is given in (2.0.3).
To construct the action integral for the topologically non trivial H bundle, let us
choose an open neighborhood U0 (resp.U∞) of Σ0 (resp.Σ∞). We consider smooth maps
g∞ : U∞ → G, g0 : U0 → G and one forms A∞ ∈ Ω1(U∞,Lie(G)), A0 ∈ Ω1(U0,Lie(G))
related through the transition function h∞0 : U∞ ∩ U0 → H by
A0 = h
−1
∞0A∞h∞0 + h
−1
∞0dh∞0 , (2.2.11)
g0 = h
−1
∞0 g∞h∞0 on U∞ ∩ U0 . (2.2.12)
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The data (U∞, U0, h∞0) determines anH-bundle P over Σ. A connection A of P is provided
by the pair {A∞, A0} of one forms and {g∞, g0} gives a section g of adGP . We cannot
take a pairing of e−kIΣ∞(A∞,g∞) and e−kIΣ0 (A0,g0) because the base elements γ∞ = g∞|S,
γ0 = g0|S do not coincide but related by γ0 = γ−1∞0γ∞γ∞0 where γ∞0 = h∞0|S ∈ LH .
Fortunately, since the group LH acts on the semigroup Lk
WZ
(Appendix 1), we can take
e−kIΣ,P (A,g) = e−kIΣ∞(A∞,g∞).adγ∞0
(
e−kIΣ0 (A0,g0)
)
∈ C , (2.2.13)
as a candidate for the WZW action IΣ,P (A, g) for general H bundle P .
We can check that this satifies the conditions (2.0.1) and (2.0.2). (2.0.1) is obvious.
The global P-W identity (2.0.2) for the above action (2.2.13) follows from (2.2.4) and
(2.2.8) since adγ∞0 preserves the structure of semigroup of LkWZ and the paring of L∗kWZ
and Lk
WZ
satisfies (γ˜′1γ˜
′
2).(γ˜1γ˜2) = γ˜
′
1.γ˜1 · γ˜′2.γ˜2 for γ˜′i ∈ (L∗kWZ)γi and γ˜i ∈ (LkWZ)γi where γ1,
γ2 ∈ LGC. Therefore, we conclude that (2.2.13) is the proper definition of the weight for
the WZW model.
2.3 Covariant Operator Formalism
Now we go on to the description of the space of states and of the action of loop
groups. As was noticed, the wave functions (2.2.1) and (2.2.2) are sections of Lk
WZ
and
L∗k
WZ
respectively over the loop space LG. We rewrite the formal definitions as
ZΣ0(A0,O0)(γ) =
∫
1=g|S
DΣ0g e−kIΣ0(A0,g0g)O0(g0g) , (2.3.1)
ZΣ∞(A∞,O∞)(γ) =
∫
g|S=1
DΣ∞g e−kIΣ∞(A∞,g∞g)O∞(g∞g) , (2.3.2)
where g0 : Σ0 → G and g∞ : Σ∞ → G are any maps satisfying g0|∂Σ0 = g∞|−∂Σ∞ =
γ. Then, we see that these sections can be extended to holomorphic sections over the
complexified loop space LGC by admitting g0 and g∞ to be GC valued.
12
Remark. We may as well change the H-frame on S. If a new frame s1 is related to the
original one s0 by s1 = s0γ01 where γ01 ∈ LH , the wave function Φ(s1) ∈ H0(LGC,LkWZ)
with respect to s1 is related to the original one Φ
(s0) ∈ H0(LGC,LkWZ) by
Φ(s1)(γ) = γ−101 Φ
(s0)(γ01γγ
−1
01 )γ01 (2.3.3)
which is due to the covariance (2.2.6) of the weight.
12Let Y ⊂ LGC be an open subset and g∞ : Y → D∞GC be a holomorphic map such that
g∞(γ)|−∂D∞ = γ. Then the section γ 7→ {(g∞(γ), 1)} of LkWZ over Y is by definition holomorphic.
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Representation of Loop Group on the Space of States
Since the line bundle Lk
WZ
is acted on by the group L˜GC ∼= (LWZ)× from the left and
from the right through the covering map (L
WZ
)× → (Lk
WZ
)×, there are representations of
L˜GC on the space H
0(LGC,LkWZ) of sections—the left and the right representations :
J(γ˜1)J¯(γ˜2)Φ(γ) = γ˜1Φ(γ
−1
1 γγ
∗−1
2 )γ˜
∗
2 , (2.3.4)
where the anti-holomorphic anti-automorphism γ˜ 7→ γ˜∗ of L
WZ
is defined by {(g, c)}∗ =
{(g∗, c∗)} where g ∈ D∞GC and c ∈ C. The P-W identity (2.2.4) shows that, for any
smooth map h : Σ0 −→ HC with contractible boundary value [γ] ∈ L0HC ∼= LGC/ZG, the
element γ˜ = e−IΣ0 (A
h
0 ,h
−1)− 1
2
ΓΣ0 (A0,h,h
∗) ∈ (L˜GC)γ gives a transformation of H0(LGC,LkWZ)
such that
J(γ˜)J¯(γ˜)ZΣ0(A0;O) = ZΣ0(Ah0 ; h−1O) . (2.3.5)
By taking the differentials of this equation, we can identify the currents with the in-
finitesimal generators of the representations J , J¯ . To see this explicitly, we take the
connection A0 to be flat on a neighborhood V0 of S with holonomy e
−2πia ∈ H along S
where a ∈ Lie(H). We can take a holomorphic frame σ of the HC bundle PC over V0
with respect to which the connection A0 is represented as A
σ
0 = −a dz/z and which gives
an H-frame on S. Let ̺ : Σ0 → [0, 1] be a cut off function such that ̺ = 1 on S and
supp(̺) ⊂ V0. For n ∈ Z and v ∈ Lie(G), we consider the vector v˜zn ∈ Lie(L˜GC) tangent
to the curve e−IΣ0 (ht) in L˜GC where ht = e
t̺vzn . Then the equation (2.3.5) leads to
J(v˜zn)Z
(σ)
Σ0 (A0;O ) = Z(σ)Σ0 (A0; Jσn(v)O ) , (2.3.6)
where Jσn(v) =
1
2πi
∮
S
Jσadz
nv = Jσn (v) + k tr(av)δn,0 , (2.3.7)
and similar equations for J¯ . Jσn (v) is a Laurent coefficient of the holomorphic part J
σ of the
current given in (2.1.12). These Jσn(v)’s generate of course the affine Kac-Moody algebra
with center k which could be seen by using the operator product expansions (2.1.13).
Note also that the Laurent coefficient of the energy momentum tensor is expressed as
Ln =
1
2(k + g∨)
∑
m∈Z
ηab :Jσ−m(ea)J
σ
n+m(eb) : +J
σ
n (a) +
k
2
tr(a2)δn,0 − cG,k
24
δn,0 , (2.3.8)
where :Jσn (X)J
σ
m(Y ) : =
 J
σ
n (X)J
σ
m(Y ) if n ≤ m
Jσm(Y )J
σ
n (X) if m < n
. (2.3.9)
These Ln’s generate the Virasoro algebra of central charge cG,k given in (2.1.17).
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Finally we comment on the choice of the space of states. Due to the relation (2.3.5),
the state ZΣ0 = ZΣ0(A0 = 0;O = 1) is invariant under J(e−IΣ0 (h)) and J¯(e−IΣ0(h)) for
any holomorphic map h : Σ0 → GC. In other words, ZΣ0 is annihilated by J(W˜(0,g)Σ0 ) and
J¯(W˜
(0,g)
Σ0 ) where W
(0,g)
Σ0 ⊂ H(0,g) = Lie(LGC) is the space of Lie(G)C-valued functions on S
that extends holomorphically over Σ0. This space W
(0,g)
Σ0 is comparable with the subspace
H
(0,g)
+ in the same sense as in Chapter 1. Motivated by this observation, we take as the
space of states, the space H(G,k) ⊂ H0(LGC,LkWZ) spanned by a family of vectors each of
which is annihilated by J(W˜) and J¯(W˜) for some subspace W ⊂ H(0,g) comparable with
H
(0,g)
+ . This subspace H(G,k) is preserved by J(L˜GC)× J¯(L˜GC) since LGC is contained in
GLres(H
(0,g)). Though it has not yet been proved, it is likely that the Virasoro generators
(2.3.8) can act on this space H(G,k).
Field-State Correspondence
Now we consider the state at the boundary S of the standard disc D0 = (D0, g0)
(see Chapter 1) with a local field insertion. We denote by |O〉 the state Z(s0)D0 (A0;O(0))
corresponding to the local field O where s0 is a frame on D0 which is horizontal with
respect to the canonically flat connection A0. We consider the field OΛ(g) = ρΛ(g(0))
for a unitary irreducible representation ρΛ : G → GL(VΛ). Since A0 is invariant under
the chiral gauge transformation by holomorphic maps from D0 to GC, the relation (2.3.5)
shows that13
J(e−ID0(g1))J¯(e−ID0(g2))|OΛ〉 = |ρΛ(g1(0)−1)OΛ ρΛ(g2(0)∗−1)〉 , (2.3.10)
for GC valued holomorphic functions g1 and g2 on D0. We recall that e
−ID0(g) in the above
expressions is an element e−ID0(0,g) of L˜GC over the boundary loop g|S of g : D0 → GC.
(See eq. (2.2.3) for the definition)
Let us now choose a maximal torus TG of G and T = TG/ZG of H . We also choose a
chambre C in V = iLie(T ) (see Appendix 2 for the notations and basics on the root system
and the Weyl group). We denote by B+ the Borel subgroup of LGC consisting of boundary
loops g|S of holomorphic maps g : D0 → GC such that g(0) are in the Borel subgroup
B+0 of GC determined by C. We also denote by N
+ the subgroup of B+ consisting of
boundary loops g|S of holomorphic maps g with g(0) ∈ N+0 , where N+0 is the maximal
unipotent subgroup of B+0 . B
+ is embedded into L˜GC by g|S ∈ B+ 7→ e−ID0(g) ∈ B˜+.
We take as the index Λ the highest weight of the representation ρΛ. If we denote by
13The P-W identity (2.2.4) and hence the relation (2.3.5) can be seen to hold when we take h and h∗
to be independent.
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Λ∗ = −w0Λ the highest weight of the dual representation tρ−1Λ : GC → GL(V ∗Λ )14, the
above equation (2.3.10) shows that the state ΦΛ = |(OΛ∗)−Λ−Λ〉 is a highest weight state15
with weight (Λ,Λ) of the left-right representations J × J¯ . Hence we have
ΦΛ(g1g
∗
2|S) = e−Λ(g1(0))
{
J(e−ID0(g1))J¯(e−ID0(g2))ΦΛ
}
(g1g
∗
2|S) (2.3.11)
= e−Λ(g1(0)) e
−kID0(g1)ΦΛ(1)e
−kID0(g
∗
2 ) = cΛe
−Λ(g1(0)) e
−kID0(g1g
∗
2) ,
for g1|S ∈ B+, g2|S ∈ N+ and cΛ = ΦΛ(1) is a complex number. Since the subset B+(N+)∗
is known to be open dense in LGC [31], there is at most one such highest weight state.
In [12], it is shown that this section g1g
∗
2|S 7→ e−Λ(g1(0))e−kID0(g1g∗2) of LkWZ over B+(N+)∗
extends to a section over the whole space LGC if and only if 0 ≤ (Λ, α) ≤ k for any
α ∈ ∆+. Such a weight Λ is said to be integrable at level k and the set of integrable
weight at level k is denoted by P
(k)
+ . As is shown in [12], the highest weight state of J × J¯
must have the equal left-right highest weight ΛL = ΛR.
The state ΦΛ for Λ ∈ P(k)+ generates an irreducible L˜GC × L˜GC module H(k)Λ ⊂ H(G,k)
which is isomorphic to L(Λ,k)⊗L(Λ,k) where L(Λ,k) (resp. L(Λ,k)) is the holomorphic (resp.
anti-holomorphic) irreducible representation of the group L˜GC at level k with highest
weight Λ ∈ P(k)+ . We see that this subspace H(k)Λ corresponds to the current descendant
fields in view of the relations
Jn(v)|O〉 = |Js0n (v)O〉 , J¯n(v)|O〉 = |J¯s0n (v∗)O〉 , (2.3.12)
which follow from (2.3.6) and analogous equation for J¯ . We do not know whether the
direct sum
⊕
Λ∈P
(k)
+
H(k)Λ is dense in H(G,k) or not, but if it is dense, we have a one to one
correspondence O ↔ |O〉 of scaling fields and states of definite (L0, L¯0) values.
Gluing
Let us comment on the pairing of the state ZΣ∞(A∞;O∞) ∈ Hˇ(G,k) at the incoming
circle and the state ZΣ0(A0;O0) ∈ H(G,k) at the outgoing circle, where we say that a
boundary circle S of an oriented two manifold Σ is incoming (resp. outgoing) when
14w0 ∈ W is the element of maximum length with respect to the simple reflections determined by C.
15We say that a state Φ is a highest weight state with weight (ΛL,ΛR) of the left-right representation
when it is annihilated by the infinitesimal generators of N˜+ ⊂ L˜GC
Jn(v)Φ = J¯n(v)Φ = J0(eα)Φ = J¯0(eα)Φ = 0 , for n > 0, v ∈ Lie(G)C, α ∈ ∆+ ,
and J0(t)Φ = ΛL(t)Φ , J¯0(t)Φ = ΛR(t
∗)Φ , for t ∈ Lie(T )C.
where Jn(v) = J(v˜z
n) and J¯n(v) = J¯(v˜z
n) for n ∈ Z and v ∈ Lie(G)C.
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S = −∂Σ (resp. S = ∂Σ). The space Hˇ(G,k) is a certain subspace of H0(LGC,L∗kWZ) which
shall be made precise shortly.
Na¨ıvely, the pairing is given by the path-integration over the loops in G : 〈Ψ,Φ〉 =∫
LGDγΨ(γ).Φ(γ). If we could define it, due to the left-right invariance of the measure, it
would satisfy the relation
〈J(γ˜′1)J¯(γ˜′2)Ψ, J(γ˜1)J¯(γ˜2)Φ〉 = (γ˜′1.γ˜1)〈Ψ,Φ〉(γ˜′∗2 .γ˜∗2) , (2.3.13)
for γ˜′i ∈ (L∗WZ)× and γ˜i ∈ (LWZ)× (i = 1, 2) where the representation J×J¯ of (L∗WZ)××(L∗WZ)×
on the space H0(LGC,L∗kWZ) is defined in a similar way as in the case of LkWZ .
We now sketch the construction of such a pairing defined on some subspaces of
H0(LGC,L∗kWZ) and H0(LGC,LkWZ). The basic ingredients are the hermitian inner product
( , ) defined on a dense subspace of H(k)Λ for each Λ ∈ P(k)+ [31] such that
(J(γ˜1)J¯(γ˜2)Φ1,Φ2) = (Φ1, J(γ˜
∗
1)J¯(γ˜
∗
2)Φ2) (2.3.14)
and the anti-holomorphic homomorphism ♮ : L∗k
WZ
→ Lk
WZ
which is anti-linear on each
fibre and covers the involution γ 7→ γ∗−1 of LGC. Then, the pairing would be given by
〈Ψ,Φ〉 = (Ψ,Φ) where the anti-linear map Ψ 7→ Ψ from H0(LGC,L∗kWZ) to H0(LGC,LkWZ)
is defined by Ψ(γ) = ♮ (Ψ(γ∗−1)). If the map ♮ is given by
♮{(g0, c)} = {(g∗−1∞ , c∗e−kIP1(g
∗−1
∞ ⋆g
∗−1
0 )+2kKD0(g
∗−1
0 ))} , (2.3.15)
where KD(g) =
i
4π
∫
D tr(∂g
−1∂¯g), then this pairing would satisfy the condition (2.3.13).
As the space Hˇ(G,k) of states at the incoming circle, we take the space spanned by
vectors each of which is annihilated by J(W˜−) and J¯(W˜−) for some subspace W− ⊂ H(0,g)
comparable with the space H
(0,g)
− . This space contains the sum
⊕
Λ∈P
(k)
+
Hˇ(k)Λ of lowest
weight representations where Hˇ(k)Λ is generated by the lowest weight vector ΦˇΛ which is
the wave function corresponding to the insertion of (OΛ)
Λ
Λ in D∞ at z = ∞. We can
explicitly check that ΦˇΛ ∝ ΦΛ which proves that ZP1,triv((OΛ)ΛΛ(∞)(OΛ∗)−Λ−Λ(0)) 6= 0 and
the pairing ⊕
Λ∈P
(k)
+
Hˇ(k)Λ ×
⊕
Λ∈P
(k)
+
H(k)Λ −→ C (2.3.16)
is densely defined and satisfies the condition (2.3.13).
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2.4 The Spectral Flow
We consider again the state at the boundary S of the standard disc D0 with field
insertion O(0). This time we suppose that the gauge field is in the basic configuration Aa
such that a ∈ iLie(T ) lies in the lattice P∨ = 1
2πi
exp−1(1). To observe the state, we stand
on the horizontal frame σ along S which is related to the original frame s0 by
s0 = σγ10 , ; γ10(e
iθ) = n−1wσ e
−iaθ . (2.4.1)
where nwσ ∈ G is in the normalizer NTG of TG that represents an element wσ ∈ W .16
The state Z
(σ)
D0
(Aa;O(0)) of interest is related to the state Z
(s0)
D0
(Aa;O(0)) with respect
to the original frame by Z
(σ)
D0
(Aa, O(0))(γ1) = adγ10Z
(s0)
D0
(Aa;O(0))(adγ
−1
10 γ1). Since A
′′
0 =
h0∂¯h
−1
0 , the original state is given by J(γ˜0)J¯(γ˜0)ΦO for γ˜0 = e
−ID0(h0)−
1
2
ΓD0(h0,h
∗
0) (see
equation (2.3.5)) where ΦO = |O〉 corresponds to O in the standard way. Hence we have
Z
(σ)
D0
(Aa;O(0))(γ1) = γ˜σΦO(γ
−1
σ γ1γ
∗−1
σ )γ˜
∗
σ , (2.4.2)
where γσ = γ10γ0 ∈ LHC is the boundary loop hσ|S of the holomorphic transition func-
tion σ0 = σhσ given by hσ(z) = n
−1
wσ c
−a
̺ z
−a. We call this transformation Φ 7→ h˜σΦ ;
(h˜σΦ)(γ1) = γ˜σΦ(γ
−1
σ γ1γ
∗−1
σ )γ˜
∗
σ of the space H(G,k) of states the spectral flow correspond-
ing to the transition function hσ.
Calculation of h˜σΦ
We calculate how the highest weight state ΦΛ given in (2.3.11) is transformed by
h˜σ. Note that the loop γσ ∈ LHC represents an element of the affine Weyl group W ′aff
of LH . As explained in Appendix 2 (A.2.5), we can write it as a product γσ = [γ⋄]γ
where γ⋄ ∈ LGC represents an element of the affine Weyl group Waff of LG and γ ∈ LH
represents an element of the group Γ
Ĉ
which preserves the decomposition of the set ∆aff
of affine roots into ∆aff+ and ∆aff−. This leads to h˜σΦΛ = J(γ˜⋄)J¯(γ˜⋄)h˜ΦΛ where h is a
HC-valued holomorphic function with h|S = γ which is expressed as h(z) = z−µnw using
µ ∈ P∨ and nw ∈ NTH .
We see how the state h˜ΦΛ ∈ H(G,k) looks over the open dense set B+ (N+)∗ ⊂ LGC. So
we take holomorphic maps g1 and g2 from D0 to GC such that g1(0) ∈ B+0 and g2(0) ∈ N+0 .
Since adγ preserves the subgroups B+ and N+, we see that γ−1g1|Sγ and γ−1g2|Sγ extend
as holomorphic functions h−1g1h and h
−1g2h on D0 such that (h
−1g1h)(0) ∈ B+0 and
16Although we have now introduced the twist n ∈ NTG only to relate the spectral flow to the affine
Weyl group, twists of certain kind play essential roles in the theory of field identification.
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(h−1g2h)(0) ∈ N+0 . Hence we have(
h˜ΦΛ
)
(g1g
∗
2|S) = e−Λ
(
(h−1g1h)(0)
)
adγ
(
e−kID0((h
−1g1h)(h−1g2h)∗)
)
. (2.4.3)
If g1(0) ≡ et0 ∈ TG mod.N+0 , we find that (h−1g1h)(0) ≡ ew−1t0 mod.N+0 , which gives
e−Λ
(
(h−1g1h)(0)
)
= e−wΛ(t0) . (2.4.4)
Applying the transformation rule of the adjoint action of LH on Lk
WZ
given in Appendix
1, we have
γe−kID0(h
−1g1h)γ−1 = {(gˇ1, e−kIP1((hˇ−1gˇ1hˇ)⋆(h−1g1h))+kc(hˇ,gˇ1))} , (2.4.5)
where hˇ is an extension of the loop γ to a map hˇ : D∞−{∞} → H given by hˇ(reiθ) = γ(eiθ)
and gˇ1 is an extension gˇ1 : D∞ → GC of g1 defined in the following way: If g1 is expressed as
g1(z) = e
v(z) where v : D0 → Lie(G)C is a holomorphic map, we take gˇ1(reiθ) = e̺∞(r)v(eiθ)
using a cut-off function ̺∞ : D∞ → [0, 1] such that ̺∞|S = 1 and ̺∞(∞) = 0. For
this choice of gˇ1, we see that IP1((hˇ
−1gˇ1hˇ) ⋆ (h
−1g1h) = KD∞(hˇ
−1gˇ1hˇ) and KD∞(gˇ1) =
IP1(gˇ1 ⋆ g1). Note also that hˇdhˇ
−1 = iµdθ and that dgˇ1gˇ1
−1|r = gˇ1−1dgˇ1|r = d̺v(eiθ).
From these, it follows that
−IP1
(
(hˇ−1gˇ1hˇ) ⋆ (h
−1g1h)
)
+ c(hˇ, gˇ1)
= −KD∞(gˇ1)−
i
2π
∫
[1,∞)×S1
tr(d̺ t0 iµdθ) = −IP1(gˇ1 ⋆ g1)− tr(t0µ) . (2.4.6)
Hence, we have
γe−kID0(h
−1g1h)γ−1 = e−k tr(µt0)e−kID0(g1) . (2.4.7)
Doing the similar calculation for adγe−kID0((h
−1g2h)∗) and combining all the results, we
obtain the expression of the section h˜ΦΛ over B
+(N+)∗ ⊂ LGC :(
h˜ΦΛ
)
(g1g
∗
2|S) = e−wΛ(t0)−k tr(µt0)e−kID0(g1g
∗
2) . (2.4.8)
Since the adjoint action of LH on Lk
WZ
is continuous, this state must extend to the
whole space LGC if the state ΦΛ does. Therefore, if Λ ∈ P(k)+ , the weight wΛ + k trµ is
necessarily in P
(k)
+ and the state h˜ΦΛ is the highest weight state ΦγΛ with that highest
weight
γΛ = wΛ+ k trµ , (2.4.9)
where the weight trµ ∈ P is given by trµ(v) = tr(µv).
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The Spectral Flow as an Algebra Automorphism
The above result could be seen by looking at the response of the state to the action of
J(L˜GC)× J¯(L˜GC). Instead of doing the direct calculation, we exploit the relation (2.3.6)
of the current J and the infinitesimal generators of J(L˜GC).
17 In the situation of ours we
have
Jn(v)Z
(σ)
D0
(Aa;O) = Z
(σ)
D0
(Aa; J
σ
n (v)O) , (2.4.10)
; Jσn (v) =
1
2πi
∮
zndz
{
Jσ0z (h
−1
σ vhσ) +
1
z
k tr(ah−1σ vhσ)
}
, (2.4.11)
where Jσ0z dz is the local holomorphic part (2.1.12) of the current with respect to the
frame σ0 defined on D0. Taking account of this and the expression (2.3.8) for the energy
momentum tensor, we have the following intertwining relations between the spectral flow
h˜σ and the generators Ln, Jn(v) :
Lnh˜σ|O〉 = h˜σ
{
Ln + Jn(a) +
k
2
tr(a2)δn,0
}
|O〉 , (2.4.12)
Jn(t)h˜σ|O〉 = h˜σ
{
Jn(wσt) + kδn,0tr(awσt)
}
|O〉 , (2.4.13)
Jn(eα)h˜σ|O〉 = h˜σJn+wσα(a)(nwσeαn−1wσ )|O〉cwσα(a)̺ , (2.4.14)
where n ∈ Z, t ∈ Lie(T )C and α ∈ ∆. Note that (2.4.12) and (2.4.13) for n = 0 derive
the transformation rule of [γσ] = e
iaθwσ on the Lie algebra Vˆ of the torus U(1)× T˜G given
in the formula (A.2.2) in Appendix 2. These show that a state Φ of weight (E , λ, k) is
transformed to another state h˜σΦ of weight (γσE , γσλ, k) where
γσE = E + λ(a) + k
2
tr(a2) , γσλ = w
−1
σ (λ+ k
tra) . (2.4.15)
If the loop γσ represents an element of ΓĈ from the start, (2.4.14) shows that a highest
weight state ΦΛ is transformed to another highest weight state h˜σΦΛ. Under the identifi-
cation µ = w−1σ a and w = w
−1
σ , we see that the two results on the new weight, (2.4.9) and
(2.4.15) coincide. Moreover, a calculation shows that the L0 value ∆γΛ − cG,k24 is given by
γE of (2.4.15) with E = ∆Λ − cG,k24 and λ = Λ where ∆Λ is given by (2.1.17) or
∆Λ =
(Λ,Λ+ 2ρ)
2(k + g∨)
, (2.4.16)
where ρ ∈ P is half the sum of positive root of G.
We can see in a more transparent manner the transformation Λ 7→ γΛ of highest
weight for γ ∈ Γ
Ĉ
where we identify the loop γ with the corresponding element of the
17We only look at the left representation J since everything is the same for the right representation J¯ .
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Weyl groupW ′aff . As explained in Appendix 2, the group ΓĈ is a permutation group of the
set B(Ĉ) = { αˆ0, · · · , αˆl } of simple affine roots and it acts on {0, 1, · · · , l} by γαˆi = αˆγi
for i = 0, 1, · · · , l. We introduce the fundamental affine weights Λˆ0, Λˆ1, · · · , Λˆl ∈ Vˆ by
Λˆ0 = (0, 0, 1) , Λˆi = (0,Λi, mi) , i = 1, · · · , l , (2.4.17)
where Λ1, · · · ,Λl ∈ P are the fundamental weights defined by Λi(α∨j ) = δi,j18 andm1, · · · , ml ∈
N are the coefficients of the coroot α˜∨ =
∑l
i=1miα
∨
i for the highest root α˜. Then,
in view of the relations 2(Λˆi, αˆj)/||αˆj||2 = δi,j and γαˆi = αˆγi we see that γΛˆi ≡ Λˆγi
modulo R × {0} × {0}. The affine weight Λˆ = (∆Λ,Λ, k) for Λ ∈ P(k)+ is expressed as
Λˆ =
∑l
i=0 niΛˆi −∆Λδ where ni’s are non-negative integers and δ = (−1, 0, 0). Then, the
new weight is given by
γΛˆ =
l∑
i=0
niΛˆγi −∆γΛδ . (2.4.18)
Remark. We may consider the state h˜σ|O〉 to correspond in the standard way to a new
field γσO. If the field O has conformal weight (∆O, ∆¯O) and charge (ΛO, Λ¯O), the new
field γσO has conformal weight (γσ∆O, γσ∆¯O) and charge (γσΛO, γσΛ¯O). A primary field
O is transformed to another primary field γσO if γσ represents an element of ΓĈ ⊂W ′aff .
18For each root α ∈ ∆, we associate the coroot α∨ ∈ Q∨ defined by trα∨ = 2α/||α||2.
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CHAPTER 3. INTEGRATION OVER GAUGE FIELDS
Let H be a compact Lie group and let M denote the matter field theory which
we discussed in the previous chapters : the system of free fermions taking values in a
vector bundle E with structure group H , the WZW model for a group G such that H is
a closed subgroup of G/ZG, or some combination of these systems. We consider in this
chapter the quantization problem of gauge theory. That is, we give a method to perform
the integration
ZΣ,P (g ;O) =
∫
AP /GP
DgAZMΣ,P (g,A ;O) , (3.0.1)
over gauge equivalence classes AP/GP of connections on a principal H-bundle P . The
integrand is the correlation function of the matter theory M with GP -invariant insertion
O of local fields. We first perform the integration over each orbit of the group GPc of
chiral gauge transformations and then, sum up over the orbits. The first step naturally
leads to the WZW model with negative level, targetting the symmetric space HC/H . The
latter half of this chapter is devoted to the analysis of this theory.
3.1 The Space of Gauge Fields
We give a description of the structure of GPc-orbits in the space AP of gauge fields
and argue that we can neglect some orbits in the integration (3.0.1). To start with, we
note on the relation of holomorphic structures of the HC-bundle PC and connections of P .
A connection A of P determines a holomorphic structure JA of PC : A local section σ of PC
is holomorphic with respect to JA when ∂¯A σ = 0 where σ is represented as a local frame
of the vector bundle associated to PC through a faithful holomorphic representation of
HC. Conversely, any holomorphic structure J of PC determines a “hermitian connection”
A(J) ∈ AP such that JA(J) = J . So we can identify the set of holomorphic structures of PC
and the set AP of connections of P . Two holomorphic structures J1 and J2 are isomorphic
when there is an automorphism h ∈ GPc which gives a bi-holomorphic map h : (PC, J1)→
(PC, J2). In other words, A1 and A2 determine isomorphic holomorphic structures in PC
when h−1∂¯A2h = ∂¯A1 . So, we can identify the set of isomorphism classes of holomorphic
structures of PC and the set AP/GPc of orbits of the chiral gauge transformation group.
It should be noticed that the space AP is given a structure of complex manifold in
such a way that the action of the group GPc is holomorphic : The complex structure at
each tangent space Ω1(Σ, adP ) is given by the operator ∗ which determines an involution
∗dz¯ = idz¯, ∗dz = −idz on the space of differentials.
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On the Sphere
We begin with the case in which Σ is the complex projective line P1. It is covered by
two complex planes — z-plane and w-plane where z and w are related by zw = 1. We
denote by D0 ⊂ P1 the unit disc in the z-plane.
( For H = U(1) )
First, we consider the simplest case H = U(1). We start with the topological classi-
fication. A principal U(1) bundle P admits local sections s0 and s∞ defined on U
ǫ
0 and
U ǫ∞ for some ǫ > 0 respectively where U
ǫ
0 (resp. U
ǫ
∞) is an open neighborhood of D0 (resp.
P1 −D0) consisting of z with |z| < 1 + ǫ (resp. w with |w| < 1 + ǫ). They are related by
the transition rule s0 = s∞h∞0 where h∞0 is a function on U
ǫ
0∩U ǫ∞ valued in U(1) = {eiφ}.
A topological invariant of P is given by the winding number of h∞0
a =
i
2π
∮
S
h−1∞0dh∞0 , (3.1.1)
which must be an integer. Then, h∞0 can be written as h∞0 = e
−iaθ+iφ∞0 where φ∞0 is
a real valued function on U ǫ0 ∩ U ǫ∞. 19 Using the cut-off function ̺ : S2 → [0, 1] which is
identically 0 on S2 − U ǫ∞ (resp. 1 on S2 − U ǫ0), we have the following transition rule
s0e
−i̺φ∞0 = s∞e
i(1−̺)φ∞0e−iaθ . (3.1.2)
Thus, the topological type of a principal U(1)-bundle is determined by the winding number
a ∈ Z. Such a classifacation holds for any surface Σ.
We proceed to the classifiction of holomorphic HC = C
∗-bundles. A holomorphic C∗-
bundle P admits local holomorphic sections σ0 and σ∞ defined on U ǫ0 and U ǫ∞ for some
ǫ > 0 respectively which are related by the transition rule σ0 = σ∞f∞0 where f∞0 is a
holomorphic function on U ǫ0 ∩U ǫ∞ valued in C∗. If a =
i
2π
∮
f−1∞0df∞0, f∞0 can be written
as f∞0(z) = z
−aex∞0(z) in terms of a holomorphic function x∞0 on U
ǫ
0 ∩U ǫ∞. Then, taking
the Laurent expansion x∞0(z) =
∞∑
−∞
xnz
n, we have the following transition rule :
σ0(z)e
−
∑∞
n=0
xnzn = σ∞(z)e
∑∞
n=1
x−nwnz−a . (3.1.3)
This shows that for each C∗-bundle PC, there is only one holomorphic structure up to
isomorphism. Thus, the space AP of gauge fields is itself a single GPc-orbit.
19As before, the radius r and the angle θ are related to the complex coordinate z by z = reiθ.
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( For simple H )
Next we consider the concrete example in which H = SU(n)/Zn where Zn is the
center of SU(n) consisting of identity matrices multiplied by n-th roots of unity. For each
j ∈ J0 = {0, 1, · · · , n − 1}, we take an H-bundle P (j) which admits a section s0 on the
z-plane U0 and a section s∞ on the w-plane U∞ related by s0 = s∞h∞0 on U0∩U∞ where
the transition function h∞0 : U0 ∩ U∞ → H is represented by a multi-valued map h˜∞0
to SU(n) such that h˜∞0(re
iθ+2πi) = e2πi
j
n h˜∞0(re
iθ). Then, {P (j) ; j ∈ J0} is the set of
topologically distinct H-bundles over S2. Such a classification holds for any surface Σ.
A holomorphic HC = SL(n,C)/Zn bundle over P
1 is described by the transition rule
σ0 = σ∞f∞0 where σ0 (resp. σ∞) is a holomorphic section over U0 (resp. U∞) and the
holomorphic map f∞0 : U0 ∩ U∞ → HC is also represened by a multi-valued map to
SL(n,C). By the Birkhoff factorization theorem [20], [31], we may assume that f∞0 is
given by f∞0(z) = z
−a where a belongs to P∨, that is, a is a traceless diagonal matrix
a =

a1
. . .
an
 with ai + jn ∈ Z (i = 1, · · · , n) , (3.1.4)
for some j ∈ J0. This holomorphic bundle denoted by P[a] is isomorphic to (P (j)C , JA(a))
for some A(a) ∈ AP (j). The theorem of Birkhoff shows that P[a] is isomorphic to P[a′] if
and only if a′ ∈ Wa where W is the permutation group of {a1, · · · , an}. Thus, the discrete
set P∨/W indexes the set of isomorphism classes of holomorphic HC-bundles over P
1 and
it follows that the set AP (j)/GP (j)c of GP (j)c -orbits is indexed by P
∨
j /W where P
∨
j is the set
of matrices a ∈ P∨ whose entries differ from − j
n
by integers.
We calculate the dimension of the group AutP[a] of holomorphic automorphisms of
P[a]. An element f ∈ AutP[a] is given by a pair of holomorphic maps f0 : U0 → HC and
f∞ : U∞ → HC that are related by f0(z) = zaf∞(z)z−a. We see that the matrix element
(f0)
i
j is a span of 1, z, · · · , zai−aj if ai ≥ aj and (f0)ij = 0 if ai < aj which shows that
dimAutP[a] = n− 1+∑i<j( δai,aj+1+ |ai− aj | ). It is minimized by a = µ0, µ1, · · · , µn−1
where µj ∈ P∨j is given by
(µj)i = 1− j
n
for i = 1, · · · , j, and (µj)i = − j
n
for i = j + 1, · · · , n . (3.1.5)
Since AutP[a] for a ∈ P∨j is naturally isomorphic to the isotropy subgroup of GP (j)
C
at
A(a) ∈ AP (j), AP (j) contains a single orbit Aµj = A(µj) · GP (j)c of maximal dimension. The
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codimension da of the orbit Aa in AP (j) is hence given by
da =
∑
i<j
(
δai,aj − 1 + |ai − aj |
)
=
∑
ai>aj
(ai − aj − 1) . (3.1.6)
Note that the orbit Aµj has a complement in AP (j) of codimension 1 for j = 0 and n for
j = 1, · · · , n− 1. Hence, in the integration (3.0.1) for P = P (j), we have only to take into
account the contribution of the orbit Aµj , if ZMP1,P (j) is smoothly defined over the whole
space AP (j).
If H is the quotient group H˜/ZH˜ for a compact simple simply connected group H˜,
the story is almost the same. We follow the notation in Appendix 2. The set of distinct
topological H-bundle is represented by {P (j)}j∈J0 where P (j) is an H-bundle given by a
transition rule s0 = s∞e
−iµjθ. The set of isomorphism classes of holomorphic HC-bundle
over P1 is given by {P[a] ; a ∈ P∨∩C} where P[a] admits local holomorphic sections σ(a)0 and
σ(a)∞ related by σ
(a)
0 = σ
(a)
∞ z
−a. The dimension of the group of holomorphic automorphisms
of P[a] is given by l +∑α∈∆+( δα(a),0 + 1 + |α(a)| ) which is minimized by {µj}j∈J0 (see
proposition 2, Appendix 2). This shows that each AP (j) containes a single GP (j)c -orbit Aµj
of maximal dimension. The codimension of the orbit Aa corresponding to P[a] is given by
da =
∑
α(a)>0
(α(a)− 1) . (3.1.7)
Hence we have only to take into account the contribution of the orbitAµj in the integration
(3.0.1) for P = P (j).
On a Surface of Genus ≥ 1
If the genus g of the surface Σ is larger than zero, the set of GPc-orbits in the space
of connections of an H-bundle P is not in general a discrete set. But there is an efficient
way developed by Atiyah and Bott [1] to classify the orbits by a discrete set.
The basic notion in the classification is the semi-stability of vector bundles. We say
that a holomorphic vector bundle E is (semi-)stable if for any proper holomorphic sub-
bundle F of E, we have µ(F ) < µ(E) (µ(F ) ≤ µ(E)) where µ(E) is the slope of E
defined by µ(E) = c1(E)/rank(E). A vector bundle is not in general semi-stable but
has a unique filtration 0 = E0 ⊂ E1 ⊂ · · · ⊂ Er = E by subbundles, called the canon-
ical filtration of E, such that the quotients Di = Ei/Ei−1 are semi-stable and satisfy
µ(Di) > µ(Di+1), see Harder and Narasimhan [21]. A holomorphic HC-bundle P admits
its canonical parabolic reduction PQ, that is, a reduction to a parabolic subgroup Q of HC
such that adPQ/adnQPQ is semi-stable and of slope zero and that the canonical filtration
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of adP/adPQ (resp. adnQPQ) has quotients of negative slopes (resp. positive slopes) where
nQ is the Lie algebra of the unipotent radical of Q.
We now define the type of a holomorphic principal bundle. We choose a maximal torus
T of H and a chambre C in iLie(T ). Note that an element µ of C determines a parabolic
subgroup Q of HC by the statement “a root α of HC is a root of the unipotent radical nQ
of Q if and only if α(µ) > 0”. For each one dimensional representation χ of a parabolic
subgroup Q, we denote by λχ the linear form on V = iLie(T ) such that χ(e
t) = eλχ(t) for
t ∈ VC. A holomorphic HC-bundle P is said to be of type µ ∈ C, when the canonical
parabolic reduction of P is to the parabolic subgroup Q determined by µ and for any
representation χ : Q → C∗, the line bundle χ(PQ) = PQ×QC associated to PQ through
χ has the first Chern number λχ(µ) :
c1(χ(PQ)) = λχ(µ) . (3.1.8)
For example, the holomorphic HC-bundle P[a] on the Riemann sphere is of type a ∈ P∨.
There exists an HC-bundle of type µ only if µ is an ‘integral point’, that is, λχ(µ) ∈ Z
for every character χ of Q. Thus, the gauge fields are classified with respect to the types
and we have the disjoint union
AP =
⋃
µ:type
Aµ , (3.1.9)
where Aµ consists of GPc-orbits corresponding to type µ holomorphic structures of P . A
simple index calculation shows that Aµ is a submanifold of AP of codimension
dµ =
∑
α(µ)>0
(α(µ) + g − 1) . (3.1.10)
Hence, for g ≥ 1 we have only to take into account of the submanifold A0 = Ass corre-
sponding to the set of semi-stable HC-bundles. (A holomorphic HC-bundle P is said to
be semi-stable when adP is semi-stable.)
For H = U(1), since every holomorphic HC = C
∗-bundle is stable, we take the whole
space AP into account. The set of isomorphism classes of holomorphic C∗-bundles is given
by the sheaf cohomology group H1(Σ,O×Σ) called the Picard group of Σ and denoted
by PicΣ where O×Σ is the sheaf of germs of holomorphic functions valued in C∗. The
homomorphism OΣ → O×Σ with kernel Z given by f 7→ e2πif induces the long exact
sequence of sheaf cohomology groups :
0→ H1(Σ,Z)→ H1(Σ,OΣ)→ H1(Σ,O×Σ )→ H2(Σ,Z)→ 0 , (3.1.11)
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where the last projection counts the winding number. The Jacobian variety JacΣ =
H1(Σ,OΣ)/H1(Σ,Z) is a complex torus of dimension g. Thus, we have the description of
the set of holomorphic C∗-bundles by the exact sequence
0→ JacΣ→ PicΣ c1→ Z→ 0 . (3.1.12)
Let us choose a base point x0 ∈ Σ. An element O(x0) ∈ PicΣ of winding number one is
defined by the transition rule
σ0(z) = σ∞(z)z
−1 , (3.1.13)
where z is a local coordinate with z(x0) = 0, σ0 is a section over the coordinate neigh-
borhood and σ∞ is a section over Σ − {x0}. This bundle O(x0) generates a subgroup of
PicΣ which is mapped isomorphically onto Z by the projection c1 in (3.1.12). In other
words, ‘tensoring byO(x0)a’ induces an isomorphism (PicΣ)0 = JacΣ→ (PicΣ)a = c−11 (a)
of complex manifolds. This isomorphism plays an important role in the theory of field
identification which we discuss in the next chapter.
If H is simple, the semi-stable orbits are further classified. We can show that for g ≥ 2,
Ass contains a submanifold As with a complement of codimension ≥ 1 where As consists
of GPc-orbits corresponding to stable bundles.(See [33] for the definition of stability of
principal bundles). The theorem of Narasimhan and Seshadri [30], [9], [33] states that
the set AirrF of irreducible flat connections is included in the space As consisting of stable
orbits and that the inclusion map induces the bijection AirrF /GP
∼=→ As/GPc = N stP of the
quotients. It is also known that N stP is a complex orbifold of dimension dimH(g− 1) and
has a natural compactification NP = Ass/∼ which can be identified with the set AF/GP
of all flat connections.20
If g = 1, Ass contains a submanifold A◦ss with a complement of codimension ≥ 1 :
A holomorphic bundle P corresponds to an orbit in A◦ss when adP is decomposed into a
direct sum of distinct stable bundles. The quotient space A◦ss/GPc is a complex orbifold
and it has a natural compactification NP = Ass/∼ which can be identified with AF/GP .
Example — Flat SO(3)-Connections over the Torus
We explicitly describe the spaces NP of flat connections of the trivial and the non-
trivial H = SO(3)-bundles on the torus Στ = C/(Z + τZ) of period 1 and τ where
τ2 = Imτ > 0. We denote by ζ the coordinate of this plane C. We choose a homology
20A1 ∼ A2 when A1 and A2 determine holomorphic bundles P1 and P2 respectively such that adP1
and adP2 have filtrations whose quotients are stable and coincide with each other up to permutation.
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base A, B : [0, 1]→ Στ defined by ζ(At) = t and ζ(Bt) = tτ , which also determines a set
of generators of the fundamental group π1Σ = Z
2. A flat connection of an H-bundle P
determines (up to conjugation) a holonomy representation ρ : π1Σ→ H . It is determined
by a = ρ(A) and b = ρ(B) that commute with each other.
If P is trivial, a and b are represented by elements a˜ and b˜ of H˜ = SU(2) that also
commute with each other. By conjugation if necessary, we may as well assume that a˜ and
b˜ are diagonal matrices
a˜ =
(
e2πiφ 0
0 e−2πiφ
)
, b˜ =
(
e2πiψ 0
0 e−2πiψ
)
. (3.1.14)
Such holonomy is provided by the gauge field of the following form :
Au =
( π
τ2
u dζ¯ − π
τ2
u¯ dζ
)( 1 0
0 −1
)
, (3.1.15)
where u = ψ− τφ. Au′ is GP -equivalent to Au if it is a gauge transform of Au by element
g ∈ GP of the following form :
g(ζ = x+ τy) = nw
(
eπi(nx+my) 0
0 e−πi(nx+my)
)
, (3.1.16)
where nw ∈ SU(2) represents an element of the Weyl groupW = S2 and n, m are integers.
(This g represents a single valued function on Στ valued in SO(3).) Thus, Au′ is equivalent
to Au if and only if u
′ = ±u− m
2
+ τ n
2
for some n, m ∈ Z which shows that
NP = C/
{
(1
2
Z+ τ
2
Z)×˜{±1}
}
. (3.1.17)
It is topologically a sphere and is a complex orbifold with four singularities u = 0, 1
4
, τ
4
, τ+1
4
of order 2. The orbifold NP − {u = 0} corresponds to the quotient space A◦ss/GPc in the
above general argument.
If P is non-trivial, a and b are represented by elements a˜, b˜ of H˜ = SU(2) that do not
commute but satisfy
a˜b˜a˜−1b˜−1 =
(−1 0
0 −1
)
. (3.1.18)
There is only one such pair (a˜, b˜) modulo conjugation :
a˜ =
(
i 0
0 −i
)
, b˜ =
(
0 −1
1 0
)
. (3.1.19)
Hence, for the non-trivial SO(3)-bundle P over the torus,
NP = {one point} . (3.1.20)
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It should be noted that, unlike in the abelian case, Ntriv. is not isomorphic to Nnon−triv.
and that even the dimensions are different on torus. This is the general situation. For
general simple group H without center, Ntriv. on the torus Στ is given by
Ntriv. = Lie(T )C/(P∨ + τP∨)×˜W , (3.1.21)
and hence of dimension rankH . But for each j ∈ J in the terminology of Appendix 2,
we have a non-trivial H-bundle P (j) and we can see that dimNP (j) = dimKer(wjw0 − 1)
which is strictly less than the rank of H .
3.2 The Path Integration
Now we perform the integration (3.0.1). To define the measure for integration,
we introduce metrics on the spaces AP and GPc . So, let us consider the tangent spaces(
TAAP
)(1,0)
C
∼= Ω0,1(Σ, adPC) ,
(
ThGPc
)(1,0)
C
∼= Ω0(Σ, adPC) , (3.2.1)
at points A ∈ AP and h ∈ GPc where a ∈ Ω0,1(Σ, adPC) is tangent to the curve ∂¯At = ∂¯A+ta
at t = 0 and ǫ ∈ Ω0(Σ, adPC) is tangent to the curve ht = hetǫ+t¯ǫ∗ at t = 0. We define inner
products on those spaces by (a1, a2) =
i
2π
∫
Σ trP (a
∗
1a2) and by (ǫ1, ǫ2) =
1
2π
∫
Σ ∗trP (ǫ∗1ǫ2)
where tr
P
is a suitably normalized H-invaiant fibre metric of adP . Then, AP becomes a
GP invariant Ka¨hler manifold and GPc becomes a Hermitian manifold invariant under the
left translations by elements of GPc and under the right translations by elements of GP .
Local Parametrization of Gauge Fields
As have been noticed in the previous section, we may neglect some class of GPc-orbits
in the integration (3.0.1). So, let A◦P ⊂ AP be the submanifold that we take into account
and let N ◦P denote the quotient space N ◦P = A◦P/GPc and let dN be its dimension. If
H = U(1), A◦P is the whole space AP and N ◦P is the connected component of the Picard
group PicΣ for the winding number c1(P×U(1)C). This gives the value dN = g. If the
group H is simple, we have
(g = 0) A◦P = Aµj for P = P (j), N ◦P = one point,
(g = 1) A◦P = A◦ss , N ◦P = complex orbifold ⊂ NP , 0 ≤ dN ≤ rankH ,
(g ≥ 2) A◦P = As , N ◦P = complex orbifold ⊂ NP , dN = dimH(g − 1).
We may as well restrict our attention to the non-singular points of N ◦P and we assume
hence-forth that N ◦P is a complex manifold. For every point u0 ∈ N ◦P , we can take a
neighborhood U of u0 in N ◦P with a holomorphic family {Au}u∈U of representatives, that
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is, a holomorphic map U → A◦P , u 7→ Au such that AuGPc = u. We denote by AU the
inverse image of U by the projection A◦P → N ◦P and define the surjective map
f : U × GPc −→ AU (3.2.2)
by f(u, h) = Ahu. This is not in general injective due to the symmetries of Au. In fact, if
Su = Aut∂¯Au is the group of automorphisms of (PC, JAu), f(u
′, h′) = f(u, h) if and only
if u′ = u and h′ ∈ Suh. We denote by dS the dimension of Su which is constant on U
since dS − dN is the index dimH(1− g) of the operator ∂¯Au acting on the sections of the
adjoint bundle adPC.
Now, we coordinatize the spaces AP and U × GPc in a way that makes easy to pull
back the measure on AP by the map f . Let (u1, · · · , udN ) be a complex coordinate system
on U . Then, ν1(u), · · · ,νdN (u) defined by νa(u) = (∂/∂ua)A0,1u determine a base of the
tangent space
T (1,0)u U = H
0,1
∂¯Au
(Σ, adPC), (3.2.3)
for each point u ∈ U . We choose a base a1(u), · · · , adN (u) of the cotangent space(
T (1,0)u U
)∗
= H 0∂¯Au(Σ, adPC⊗K) , (3.2.4)
and a base ǫ1(u), · · ·, ǫdS(u) of the space Lie(Su) = H0∂¯Au(Σ, adPC) of infinitesimal symme-
tries of ∂¯Au .
At the point f(u, h) = Ahu, we choose an orthonormal base {an(u, h)}n∈N of the
tangent space Im{∂¯Ahu : Ω0adPc → Ω0,1adPc} of the GPc-orbit through Ahu and an orthonormal
base {ǫn(u, h)}n∈N of the space
(
h−1LieSuh
)⊥ ⊂ Ω0(Σ, adPC) normal to the symmetries
of ∂¯Ahu . If we put ab−dN (u, h) = h
∗ab(u)∗h∗−1 and ǫi−dS(u, h) = h
−1ǫi(u)h, then we have a
base of T
(1,0)
Ahu
AP and a base of T(1,0)h GPc given respectively by{
an(u, h)
}∞
n=1−dN
and
{
ǫn(u, h)
}∞
n=1−dS
. (3.2.5)
We introduce complex coordinate systems : x = (x1−dN , ··, x0, x1, · · ·) on a neighborhood
of Ahu in AU and t = (t1−dS , ··, t0, t1, · · ·) on a neighborhood of h in GPc such that
A(x)(0,1) = (Ahu )
(0,1) +
∞∑
n=1−dN
xnan(u, h) , (3.2.6)
and h(t) = exp
{
dS∑
i=1
ti−dSǫi(u)
}
h exp
{
∞∑
n=1
tnǫn(u, h)
}
. (3.2.7)
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Then, the pull backs δf (0,1) = h−1δAuh+ ∂¯Ahu(h
−1δh) of differentials dxn are expressed as
f ∗dxa−dN =
dN∑
b,c=1
Mab¯(u, h)
〈
ab(u),νc(u)
〉
duc , (3.2.8)
f ∗dxn =
∞∑
m=1
(
an(u, h), ∂¯Ahuǫm(u, h)
)
dtm +
dN∑
c=1
(
an(u, h), h
−1νc(u)h
)
duc ,(3.2.9)
whereMab¯(u, h) is the matrix element of the inverse ofMa¯b(u, h) =
(
aa−dN(u, h), ab−dN(u, h)
)
.
〈 , 〉 in the equation (3.2.8) is the natural pairing given by 〈a,ν〉 = 1
2πi
∫
Σ tr(aν).
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The Measure DA
We denote by D˜A (resp. D˜h) the volume element of the Hermitian space AP (resp.
GPc). At the points Ahu ∈ AP and h ∈ GPc , we have the formal expressions in terms of the
coordinates {xn}∞n=1−dN and {tn}∞n=1−dS :(
D˜A
)
Ahu
= det
(
Ma¯b(u, h)
) ∞∏
n=1−dN
d2xn , (3.2.10)
(
D˜h
)
h
= det
(
Si¯j(u, h)
) ∞∏
n=1−dS
d2tn , (3.2.11)
where we denote by d2xn the real two form idxn∧dx¯n (similarly for d2tn and we use such no-
tation in the rest of the paper) and the matrix Si¯j(u, h) is given by
(
ǫi−dS(u, h), ǫj−dS(u, h)
)
.
By the formulae (3.2.8), (3.2.9), the pull back f ∗D˜A at the point (u, h) ∈ U × GPc is ex-
pressed as,
f ∗D˜A(u,h) =
∣∣∣ det〈ab(u),νc(u)〉∣∣∣2
det
(
Ma¯b(u, h)
) ∣∣∣ det(an(u, h),∂¯Ahuǫm(u, h))∣∣∣2 dN∏
c=1
d2uc
∞∏
n=1
d2tn
=
dN∏
c=1
d2uc
∣∣∣ det〈ab(u),νc(u)〉∣∣∣2 det′
(
∂¯
†
Ahu
∂¯Ahu
)
detM(u, h) detS(u, h)
detS(u, h)
∞∏
n=1
d2tn
=
dN∏
c=1
d2uc
∣∣∣ det〈ab(u),νc(u)〉∣∣∣2 det′
(
∂¯
†
Au ∂¯Au
)
det
(
aa(u), ab(u)
)
det
(
ǫi(u), ǫj(u)
)
× exp{IadP (Au, hh∗)}det S(u, h)
∞∏
n=1
d2tn , (3.2.12)
where we have used in the last step the formulae (1.1.5), (1.4.1) for the chiral anomaly. In
the above expressions, det′(D†D) denotes the regularized determinant of D†D restricted
to its positive eigen-space.
We now introduce a function Fu : GPc → CdS which satisfies the following condition :
On each Su-orbit in GPc , Fu takes the value zero at one and only one point and that at
each zero point h the differential Fu,h : LieSu → CdS defined by Fu,h(ǫ) =
(
d
dt
)
0
Fu(e
tǫh)
is a linear isomorphism. If the point (u, h) ∈ U × GPc satisfies Fu(h) = 0, we have the
equality :
dS∏
i=1
δ(2)(ti−dS) = δ(2dS )
(
Fu(h(t))
)∣∣∣ det(F iu,h(t)(ǫj(u)))∣∣∣2 . (3.2.13)
Since the role of this factor is to fix the finite dimensional ‘gauge degrees of freedom’,
we call it the residual gauge-fixing term and the function Fu is called the residual gauge-
fixing function. Making use of this function, the pull back of the measure D˜A by the
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isomorphism f⋆ : ∪u∈USu\GPc −→ AU is found to be
f ∗⋆ D˜A(u,Suh) =
dN∏
a=1
d2ua
∫
Su
D˜h eIadP (Au,hh∗) δ(2dS )
(
Fu(h)
)
× det′
(
∂¯
†
Au ∂¯Au
)∣∣∣ det(F iu,h(ǫj(u)))∣∣∣2
det
(
ǫi(u), ǫj(u)
)
∣∣∣ det〈ab(u),νc(u)〉∣∣∣2
det
(
aa(u), ab(u)
) . (3.2.14)
Let us now introduce a spin (1, 0) free fermionic system (b, c) taking values in the
adjoint bundle adPC which we call the adjoint ghost system. Then, we have another
expression for the measure given in (3.2.14) :
f ∗⋆ D˜A(u,Suh) =
dN∏
a=1
d2ua
∫
Su
D˜h eIadP (Au,hh∗) δ(2dS)
(
Fu(h)
)
× Z ghΣ,P
(
g , Au ;
dS∏
i=1
F iu,h(c)F¯
i
u,h(c¯)
dN∏
a=1
〈
b,νa(u)
〉〈
b¯, ν¯a(u)
〉)
.(3.2.15)
As it should be, this is independent of the choice of the family Au of gauge fields or of the
residual gauge-fixing functions Fu. We can also check that this is invariant by the right
translation by elements of GP .
Expression for the Integral (3.0.1)
We shall express the integral (3.0.1) as an integral over the moduli space N ◦, the inte-
grand of which is determined by a composition of three kinds of quantum field theories—
the matter theory M , the adjoint ghost system and the HC/H WZW model which we
shall study in the next section.
Before doing that, we fix a definite model for the matter field theory M . Let us
take a semi-simple simply connected compact Lie group G such that the group H is
embedded into its adjoint group G/ZG and we choose a half-integer λ ∈ 12Z and a unitary
representation ρ : H → U(V ) on a finite dimensional hermitian vector space V . We
consider as the matter M the combined system of the WZW model at level k ∈ N with
the target group G and the system of free fermions taking values in vector bundles with
fibre V and structure group ρ(H).
Due to the PW identity (2.1.4) and the chiral anomaly (1.1.5), the integrand of (3.0.1)
is given by
ZMΣ,P (g, A
h
u;O) = eI
M
Σ (g,Au;hh
∗)ZMΣ,P (g, Au; hO) , (3.2.16)
; IMΣ (g, A ; hh
∗) = kIGΣ,P (A, hh
∗) + IE
(
A+
(
λ− 1
2
)
Θ ; hh∗
)
, (3.2.17)
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where IGΣ,P is the WZW action for the group G (we consider here that hh
∗ is GC-valued)
and IE is the WZW action corresponding to the vector bundle E = P ×H V . The gauge
invariance of the field insertion O implies that hO is invariant under h 7→ hU; U ∈ GP .
This shows that it has the dependence of the form hO = O(hh∗,M) where M denotes
the fields in the matter theory M . Since Su preserves the connection Au, we may as well
assume that we can expand the dressed insertion hO as hO = ∑mOm(hh∗)Om(M) where
for each symmetry hs ∈ Su, Om and Om transform as
hsOm = OmeIMΣ,P (g,Au;hsh∗s) and hsOm = Ome−IMΣ,P (g,Au;hsh∗s) , (3.2.18)
respectively. (If necessary, we select out the components of hO that transform in the
above way.)
After factoring out the volume element of the gauge transformation group GP , we
integrate f ∗⋆ D˜AZMΣ,P (g, Ahu ;O) over each space Su\GPc/GP . Then, we obtain the following
measure on U :
ΩMΣ,P ( g ;O) =
dN∏
a=1
d2ua
∫
GPc/GP
Dh e−IHc/HΣ,P (g,Au,hh∗) δ(2dS )
(
Fu(h)
)
Om(hh∗) (3.2.19)
× ZM+ghΣ,P
(
g , Au ;
dS∏
i=1
F iu,h(c)F¯
i
u,h(c¯)
dN∏
a=1
〈
b,νa(u)
〉〈
b¯, ν¯a(u)
〉
Om
)
,
where the exponent I
Hc/H
Σ,P is given by −IMΣ,P − IadP and Dh is the volume element of the
homogeneous Riemannian manifold GPc/GP . Since this form ΩMΣ,P is independent of the
choice of families {Au}u∈U and {Fu}u∈U , ΩMΣ,P extends to a well-defined measure of the
moduli space N ◦. Thus, we have the following expression for the integral (3.0.1) :
ZΣ,P ( g ;O) =
∫
N ◦P
ΩMΣ,P ( g ;O) . (3.2.20)
Remark. Though it is not realistic, we have assumed in the above argument that the
function δ
(
Fu(h)
)
is right GP -invariant. Some care is needed if the zero point set of Fu is
transversal to the GP -orbits.
3.3 WZW Model with Target Space HC/H
The integration over each GPc-orbit has thus lead to a system of quantum field
theory—the system of fundamental fields hh∗ ∈ GPc/GP with the action IHc/HΣ,P . In the
final section, we study this system in the simplest cases where H is U(1) or H is simple.
The general case is essentially a “direct sum” of such abelian and simple models.
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To start with, we write down the action I
Hc/H
Σ,P in such simplest cases. For the abelian
case H = U(1), we introduce a new variable X defined by hh∗ = eX . We denote by
eix 7→ eixµ and eix 7→ eixµV the embedding map ı : H → G/ZG and the representation
ρ : H → GL(V ) respectively, where µ ∈ P∨ and µ
V
∈ gl(V ). Then, we have the following
expression for the action :
I
Hc/H
Σ,P (g, A ; e
X) =
i
4π
∫
Σ
{
kc(∂X∂¯X − 2fAX)− 2c1
(
λ− 1
2
)
RΘX
}
, (3.3.1)
where kc = ktr
G
(µ2) + tr
V
(µ2
V
) and c1 = tr
V
(µ
V
).21 This is the free boson system with the
background charge provided by the curvatures fA and RΘ of the gauge field A and the
metric g respectively.
If H is simple, since it coincides with its commutator subgroup [H,H ], the term
tr
E
ǫRΘ in the formula (1.4.2) disappears. Hence we see that the action is proportional to
the WZW action for the universal covering group H˜ :
I
Hc/H
Σ,P (g, A ; hh
∗) = −kcIH˜Σ,P (A, hh∗) , (3.3.2)
; kc = krHG + r
H
V + 2h
∨ , (3.3.3)
where rHG and r
H
V are ratios defined by
tr
G
(ıXıY ) = rHG trH (XY ) and trV (ρ(X)ρ(Y )) = trH (XY ) , (3.3.4)
for X , Y ∈ Lie(H). By this observation, we call this model the HC/H WZW model at
level −kc.
Fusion Rule as Integrability Condition
Let H be simple. Unlike in the ordinary quantum field theory, the path-integration
Z
Hc/H
Σ,P ( g, A ;O) =
∫
GPc/GP
Dh ekcIH˜Σ,P (Au,hh∗)δ
(
Fu(h)
) ∣∣∣detF iu,h(ǫj)∣∣∣2O(hh∗) , (3.3.5)
is ill-defined for generic insertion O of local fields. This is due to the fact that HC/H
WZW model is a field theory induced by the integration over gauge fields and that for the
integral to be well-defined, the integrand need to be finite everywhere on AP or have at
most mild singularities. For illustration, we consider a concrete example—two and three
point functions on the sphere of a model with G = SU(2), V = {0} and H = SO(3).
21The symbol tr
G
is the normalised trace of the universal envelooping algebra of Lie(G). See Chapter
2.
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We look at the behavior of the integrand ZG
P1,triv.( g, A ;O) as the gauge field A lying
in the dense orbit A0 approaches a point in the orbit Aσ3 of codimension one. Recall that
if A lies in the dense orbit ; A0,1 = h−1∂¯h, h : P1 → HC, then we have
ZGP1,triv.(A ;O) = ekIP1(hh
∗)O(hh∗)HcZGP1,triv.(0 ;O(g)Hc) , (3.3.6)
where O(hh∗)HcO(g)Hc is the invariant component of hO with respect to the global sym-
metry group HC of the trivial connection 0 (see (3.2.18)). Let us consider a family
{A(c)}c∈C of gauge fields given by A0,1(c) = (1− c)A0,1(0) where
A0,1(0) =
dz¯
(1 + |z|2)2
(−z z2
1 z
)
(3.3.7)
lies in the orbit Aσ3. If c 6= 0, A(c) lies in the dense orbit A0 : A0,1(c) = h−1c ∂¯hc where
hc =
1
1 + |z|2
(
c
1
2 + c−
1
2 |z|2 z(c 12 − c− 12 )
z¯(c
1
2 − c− 12 ) c− 12 + c 12 |z|2
)
. (3.3.8)
A direct calculation shows that ekI(hch
∗
c) = |c|2kek(1−|c|2). Let Ojj and Oj1j2j3 be the field
insertions trjg(∞)trjg(0) and trj1g(∞)trj2g(1)trj3g(0) respectively where trj is the trace in
the spin j representation of SU(2). Then we have the following asymptotic behavior :
ekIP1(hch
∗
c)Ojj(hch∗c)Hc ∼ |c|2(k−2j)ek(1−|c|
2) as c→ 0, (3.3.9)
ekIP1 (hch
∗
c)Oj1j2j3(hch∗c)Hc ∼ |c|2(k−j1−j2−j3)ek(1−|c|
2) as c→ 0. (3.3.10)
These are finte in the limit c→ 0 if and only if j ≤ k
2
and j1 + j2 + j3 ≤ k.
A detailed analysis by Gawe¸dzki [14] shows that these are precisely the convergence
condition of the integrals ∫
Gc/G
Dh e(k+4)IP1 (hh∗)δ(hh∗)O(hh∗)Hc , (3.3.11)
for O = Ojj and for O = Oj1j2j3 respectively. Fortunately, if j >
k
2
and j1 + j2 + j3 > k,
the correlators ZG
P1,triv.(0;O(g)Hc) for O = Ojj and O = Oj1j2j3 are identically zero due to
the fusion rule found by Gepner and Witten [18]. Hence, the integrand ZG
P1,triv.( g, A ;O)
or the path-integral of the total system never diverges.
It has been conjectured by Gawe¸dzki that this phenomenon generally occurs. That
is, the fusion rule of WZW model for compact group H˜ provides a convergence condition
for the HC/H WZW model.
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Direct Path Integration
IfH = U(1), the symmetry group Su is always the groupC
∗ of constant multiplication.
Hence, to fix the gauge degrees of freedom is just to fix the constant mode of the field X .
Thus we are left with the integral∫
Map(Σ,R)
DX e−IΣ(g,A;X)δ(X(x0))O(eX) , (3.3.12)
where x0 ∈ Σ is any base point and the insertionO satisfiesO(eX+X0) = e−IΣ(g,A;X0)O(eX).
This is essentially a Gaussian integral which can be performed exactly if we suitably
renormalize the local fields eαX(z).
IfH is simple, the direct calculation gets more difficult. So far it has been done only for
topologically trivial H-bundles on the sphere and on the torus by reducing the problem to
iterative Gaussian integrals (see Gawe¸dzki [14] and Gawe¸dzki and Kupiainen [16]). This
is possible because we can take in that case an Iwasawa-like decomposition of the group
GPc which is point-wisely preserved by holonomies of the background connection Au. For
higher genus and for non-trivial H-bundle, a good coordinatization of the homogeneous
space GPc/GP has not been found.22 However, using the field identification which shall be
proved in the next Chapter, the calculation for general H-bundle is reduced to a problem
for the trivial bundle.
Ward Identities and the Sugawara Construction
Instead of doing the direct path-integration, we can get an amount of information out
of the Sugawara construction together with the Ward identities for current and energy-
momentum tensor. We list below the useful identities :
(i) Ward identities (2.1.5) and (2.1.6) for the H-current, (3.3.13)
(ii) Expression (2.1.9) for Tzz¯, (3.3.14)
(iii) Ward identity (2.1.11) for Tzz and Tz¯z¯, (3.3.15)
where k and G in the formulae in Chapter 2 should be replaced by −kc and H˜ respectively.
These are essentially the results of the left GPc-invariance of the measure Dh. The Ward
identities (3.3.13) lead to the local expression
Jσadv = J
σ(v) + kc tr(Aσv) ; ∂¯Jσ(v) = 0 , (3.3.16)
22Gawe¸dzki has recently announced [15] that he has found such good coordinatization (=good choice
of the family of background gauge fields Au) for the SU(2)-bundle over each Riemann surface of genus
≥ 2.
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for the current with respect to a local holomorphic frame σ. We also make the assumption
Tzz = − 1
kc − h∨ : (Jz, Jz) : (3.3.17)
on the relation of the current and the energy-momentum tensor where the product : JzJz :
on the right hand side is defined as in (2.1.15) with the above mentioned replacement.
Space of States and Representation of Loop Group
We give a description of the space of states of the model. As in the case of WZW
model for compact groups, we construct a natural line bundle L over the space LHC/LH
of configuration on a circle S1 and take as the space of states the space Ω0(LHC/LH,L)
of smooth sections. We also discuss on the representation of a loop group on this space.
( For H = U(1) )
We record here the description of the space of states which is applicable to any kc > 0
and any c1 ∈ C. The construction of the line bundle L = L−1
WZ
=
(
D∞R × C
)
/ ∼ is
essentially the same as in Chapter 2. Therefore, we only list below the basic results :
( The definition of ∼ ) (X∞ + Y, 1) ∼ (X∞, eID∞(Y )+ΓD∞ (X∞,Y )) , (3.3.18)
; X∞, Y : D∞ → R , Y |−∂D∞ = 0 ,
ID∞(Y ) =
i
4π
∫
D∞
∂Y ∂¯Y , ΓD∞(X, Y ) =
i
2π
∫
D∞
∂Y ∂¯X . (3.3.19)
( Definition of the weight ) e−IΣ0 (X) = {(X∞, e−IΣˆ0 (X∞⋆X))} , (3.3.20)
; X : Σ0 → R , X|∂Σ0 = X∞|−∂D∞ .
( The composition law ) {(X1, c1)}{(X2, c2)}={(X1+X2, c1c2e−ΓD∞ (X1,X2))}.
(3.3.21)
( PW identity ) e−IΣ0 (X1+X2) = e−IΣ0 (X1)e−IΣ0 (X2)e−ΓΣ0 (X1,X2) . (3.3.22)
The bundle L∗−1
WZ
is also defined in the similar way (see Chapter 2.) and we have the
(Pairing) {(X0, c0)}.{(X∞, c∞)} = c0c∞eIP1 (X∞⋆X0) , (3.3.23)
of elements of L∗−1
WZ
and L−1
WZ
over the same loop X0|∂D0 = X∞|−∂D∞ . We denote by L˜R
the group
(
L−1
WZ
)×
of invertible elements. It has the following representation on the space
Ω0(LR,L−1
WZ
) of states :
( Left and right representations ) For Φ ∈ Ω0(LR,L−1
WZ
) and x˜L, x˜R ∈ L˜R ,(
J(x˜L)J¯(x˜R)Φ
)
(x) = x˜LΦ(x− xL − xR)x˜∗R . (3.3.24)
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We coordinatize the configuration space LR by
x(θ) = x0 +
∞∑
n=1
(
xne
inθ + x¯ne
−inθ
)
, (3.3.25)
where x0 is a real parameter and xn’s are complex parameters. A global frame σD0 :
LR −→ L−1
WZ
is defined by
σD0(x) = e
−ID0(Xx) where Xx(z) = x0 +
∞∑
n=1
(xnz
n + x¯nz¯
n) . (3.3.26)
Let Jn and J¯n be the generators of J and J¯ respectively corresponding to the vector
tangent to the curve x˜n(t) = e
−ID0(tXn) where Xn is a function on D0 defined by Xn(z) =
̺(|z|2)zn (̺ is a cut off function such that ̺(0) = 0 and ̺(1) = 1). If we denote by Φ(0)
the coefficient of a section Φ of L−1
WZ
with respect to the frame σD0 ; Φ = σD0Φ
(0), then a
calculation shows that
(JnΦ)
(0) =

− ∂
∂xn
Φ(0) , if n ≥ 0
(
− ∂
∂x¯|n|
+ |n|x|n|
)
Φ(0) , if n ≤ −1 ,
(3.3.27)
and
(
J¯nΦ
)(0)
=

− ∂
∂x¯n
Φ(0) , if n ≥ 0
(
− ∂
∂x|n|
+ |n|x¯|n|
)
Φ(0) , if n ≤ −1 .
(3.3.28)
Note that the subspace spanned by the J-descendants of the state σD0 is isomorphic to
the well-known Boson Fock space. When completed with respect to a certain topology, it
is preserved by the representation J of the loop group L˜R.
( For simple H )
We take as the natural line bundle the restriction L of the bundle L−kc
WZ
→ LH˜C to the
loops of the form γγ∗ for γ ∈ LHC. Equivalently, L is the pull back of L−kcWZ by the map
[γ] ∈ LHC 7→ γγ∗ ∈ LH˜C. We take as the space of states the space Ω0(LHC/LH,L) of
sections. The group L˜HC acts on this space by
(J (γ˜)Φ) (γ1γ∗1) = γ˜Φ(γ−1γ1γ∗1γ∗−1)γ˜∗ . (3.3.29)
Note that L˜H˜C×L˜H˜C does not act on this space. However, the infinitesimal action induces
the representation of the complexification
(
L˜hC
)
C
of the Lie algebra L˜hC. Decomposing
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(
L˜hC
)
C
into (1, 0) and (0, 1) subspaces, we have the mutually commuting representations
of negative level −kc :
J = J (1,0) :
(
L˜hC
)(1,0)
C
−→ gl
(
Ω0(L)
)
and J¯ = J (0,1) :
(
L˜hC
)(0,1)
C
−→ gl
(
Ω0(L)
)
.
(3.3.30)
The action of these generators can be identified with the action of the current in the
HC/H WZW theory.
States Corresponding to Some Fields and Spectral Flow
Let (D0, g0, z) be the standard disc with coordinate and with metric of unit curvature
i
2π
∫
D0
R(g0) = 1 (see Chapter 1, section 2). We insert a local field at z = 0 and we
find explicit expression for the wave function at the boundary circle S of D0. Also, we
describe the spectral flow as the screening of local field by certain H-gauge field with
integral curvature.
( For H = U(1) )
We come back to the definite model with the action given in (3.3.1). Rescaling the
field X by Y =
√
kcX , the action is expressed as
IΣ( g, A ; Y ) =
i
4π
∫
Σ
{
∂Y ∂¯Y − 2
(√
kcfA +
c1√
kc
(
λ− 1
2
)
RΘ
)
Y
}
. (3.3.31)
When a local field O is inserted at z = 0, the effect of propagation through the stan-
dard disc (D0, g0) with the basic gauge field Aa can be seen by looking at the state
ZD0( g0, Aa ;O(0)) ∈ Ω0(LR,L−1WZ ) which is formally defined by
ZD0( g0, Aa ;O(0))(y) =
∫
y=Y |S
DY e−ID0(g0,Aa;Y )O
( 1√
kc
Y
)
(0) , (3.3.32)
where the weight is given by e−ID0(g0,Aa;Y ) = {(Y∞, e−IP1 (0⋆g0,0⋆Aa;Y∞⋆Y ))} ∈ L−1WZ . For a
certain kind of field insertion O, we can detemine such states up to constant. We first
consider O = 1. In this case, by changing the variable Y by Y + Yy (see the definition
in (3.3.26)) and using the PW identity e−ID0(Y+Yy) = e−ID0(Yy)e−ID0(Y ), we see that the
path-integral factors out and we get
ZD0( g0, Aa ; 1)(y) = e
−ID0 (Yy) exp
{
i
2π
∫
D0
Yy
(√
kcfAa +
c1√
kc
(
λ− 1
2
)
R(g0)
)}
. (3.3.33)
Since Aa is the basic gauge field and the metric g0 has the unit curvature, we may as
well assume that we can find a function ϕ on D0 such that ϕ(z) = log |z|2+const. on a
neighborhood of S and that
R(g0) = ∂∂¯ϕ , fAa = a∂∂¯ϕ . (3.3.34)
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Then, we see that
i
2π
∫
D0
Yy
(√
kcfAa +
c1√
kc
(
λ − 1
2
)
R(g0)
)
= y0
(√
kca +
c1√
kc
(
λ − 1
2
))
.
With respect to the natural coordinates x0 = y0/
√
kc, xn = yn/
√
kc, the state is expressed
as
ZD0( g0, Aa ; 1)(x) = σD0(
√
kcx)e(k
ca+c1(λ− 1
2
))x0 . (3.3.35)
Quite in the similar way, we obtain
ZD0( g0, Aa ; e
−ΛX(0))(x) = σD0(
√
kcx)e(−Λ+k
ca+c1(λ− 1
2
))x0 . (3.3.36)
In particular, the state corresponding in the standard way to the field e−ΛX is given by
|Λ〉 = σD0(
√
kcx)e(−Λ+c
1(λ− 1
2
))x0 . (3.3.37)
If it is screened by the basic gauge field Aa, the state |Λ〉a appearing at the boundary S
is given by (3.3.36), that is,
|Λ〉a = |Λ− kca〉 . (3.3.38)
We call this map |O〉 → |O〉a the spectral flow generated by the gauge field Aa.
( For simple H )
In the theory of field identification we shall develop in the next Chapter, two kinds of
fields are of special importance. The first kind are the matrix elements of finite dimensional
representations of H admissible with respect to the fusion rules :
ρλ(hh
∗)mm¯ ; λ ∈ P(k
c−2h∨)
+ . (3.3.39)
These come from the dressing hO of the field insertion O of the matter field theory M .
The second kind are the fields of the following form23:∣∣∣eλ+2ρ(b(h))∣∣∣2 ; λ ∈ P(kc−2h∨)+ , (3.3.40)
where b(h) is the ‘Borel part’ of the Iwasawa decomposition h = b(h)U(h) ; b(h) ∈ B+0
and U(h) ∈ H . It is assumed that a flag structure at the insertion point is specified. In
the sense that becomes clear in Chapter 4, the field (3.3.40) constitutes a part of the flag
partner of a dressed field composed of fields of the form (3.3.39).
Inserting those fields ρλ(hh
∗)−λ
∗
−λ∗ and
∣∣∣eλ+2ρ(b(h))∣∣∣2 at the center z = 0 of the standard
disc (D0, g0) with the canonically flat connection A0 = 0, we odtain the states
∣∣∣(Oλ)−λ∗−λ∗〉
and | − λ− 2ρ〉 at the boundary S = ∂D0. These generate highest weight representations
23ρ is the half the sum of positive roots of H .
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Vλ∗ , V−λ−2ρ ⊂ Ω0(LHC/LH,L) of the Lie algebra
(
L˜hC
)(1,0)
C
⊕
(
L˜hC
)(0,1)
C
with highest
weights λ∗ and −λ − 2ρ respectively. It should be noted that these subspaces are not
stable by the action of the group L˜H˜C. This can be seen in view of the transformation
rule (A.2.3) of weights by the action of the affine Weyl group Waff where the L0-value is
not bounded from below due to the negativity of the level.
We now look at the effect of the presence of non-flat gauge field on D0. We take an
element e−iµθw ∈ Γ
Ĉ
. Let the field
∣∣∣eλ+2ρ(b(h))∣∣∣2 be inserted into the disc (D0, g0) with the
basic gauge field Aw−1µ. We observe the resulting state on S standing on the horizontal
frame σ related to the original frame s0 by s0 = σe
−iµθnw. The observed state is the
transform h˜Φ−λ−2ρ of the state Φ−λ−2ρ = | −λ− 2ρ〉 by the spectral flow h˜ corresponding
to h(z) = z−µnw which is defined exactly in the same way as in Chapter 2. The state
Φ−λ−2ρ is given by
Φ−λ−2ρ(γγ
∗) = ek
cID0(bb
∗)
∣∣∣eλ+2ρ(b(0))∣∣∣2 , (3.3.41)
where γ is the boundary loop of a holomorphic function b : D0 → HC with b(0) ∈ B+0 . A
direct calculation shows that the new state h˜Φ−λ−2ρ is given by | − w(λ + 2ρ) − kc trµ〉.
Since ρˆ = (0, ρ, h∨) is Γ
Ĉ
-invariant, we have wρ + h∨ trµ = ρ which shows that the new
state is the same as | − (wλ + (kc − 2h∨) trµ) − 2ρ〉. We note that the space V−λ−2ρ is
transformed by this spectral flow to V−(wλ+(kc−2h∨) trµ)−2ρ which follows from the fact that
the group Γ
Ĉ
preserve the positive affine roots.
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CHAPTER 4. FIELD IDENTIFICATION
The fundamental group π1(H) of a compact group H acts simply transitively
on the set of isomorphism classes of topological H-bundles over each surface Σ ; π1(H) ∋
γ : P 7→ Pγ. We show that the same group π1(H) acts on the set of gauge invariant local
fields of the theory ; π1(H) ∋ γ : O 7→ γO, in such a way that the following holds
ZΣ,P γ( g ;O1 · · ·OsO) = ZΣ,P ( g ;O1 · · ·OsγO) . (4.0.1)
This may be referred to as the field identification phenomenon since correlators with O-
insertion and with γO-insertion coincides with each other if we sum up over topologies. We
cannot see such relation by a glance at the integral expressions (3.2.20) for the correlators
because the moduli spaces N ◦P and N ◦Pγ are not in general isomorphic and in certain cases
even the dimensions of them are different. In the first half of this chapter, we shall find a
new integral expression suited to treat the problem. The basic notions in the reformulation
are the flag partner of each gauge invariant local field and the flag strucures on a principal
holomorphic HC-bundle. Making use of the (conjectured) identification between moduli
spaces of holomorphic HC-bundles of topological types PC and (Pγ)C with flag structures
at the insertion point, we show the relation (4.0.1) which lead to the field identification.
4.1 The Flag Partner
As the first step to the required reformulation, we express the dressed local field
hO as an integral over the flag manifold of H or of the fibre of the H-bundle over the
insertion point. The integrand may be referred to as the flag partner of hO.
Flag Manifold and the Borel-Weil-Bott Theorem
We first recall some basics on the theory of representation of compact groups a` la
Borel, Weil and Bott which facilitates our description of the flag partner.
Let F l(H) be the ensemble of choices of maximal tori and chambres :
F l(H) =
{
(T,C) ;
T is a maximal torus of H
and C is a chambre in iLie(T )
}
. (4.1.1)
We choose and fix a pair (T,C) ∈ F l(H). Then, the set F l(H) is identified with the set
H/T of right cosets of T and becomes a manifold called the (generalized) flag manifold
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of H . Furthermore, it can be given a structure of homogeneous complex manifold since
the embedding of H into the complexification HC induces the isomorphism
H/T
∼=−→ HC/B (4.1.2)
of smooth manifolds where B is the Borel subgroup of HC determined by (T,C).
Let us take a linear form λ ∈ V∗ on V = iLie(T ) that gives a character eλ : T → U(1)
by e2πiv 7→ e2πiλ(v). Then, it also gives a character eλ : B → C∗ and we can define a
homogeneous holomorphic line bundle
L−λ = HC ×B C −→ F l(H) , (4.1.3)
by the equivalence relation (hb, c) ∼ (h, e−λ(b)c) where h ∈ HC, b ∈ B and c ∈ C. We
denote by h · c ∈ L−λ the equivalence class represented by (h, c) ∈ HC ×C. The theorem
of Borel, Weil and Bott states that the space H0(F l(H), L−λ) of holomorphic sections is
an irreducible HC-module Vλ∗ of highest weight λ
∗ = −w0λ, which is non-zero if and only
if λ takes non-negative values on C. See the ref. [5] and also [23].
Note that the line bundle L−λ is equipped with anH-invariant hermitian metric ( , )−λ
such that an element h of H determines a unitary frame h · 1 ; (h · c1, h · c2)−λ = c¯1c2.
Note also that there exists an H-invariant volume form Ω on F l(H) = H/T since T is
compact. Then, we see that an H-invariant hermitian inner product ( , )F l(H) on the
space Vλ∗ = H
0(F l(H), L−λ) of sections is defined by
(ψ1, ψ2)F l(H) =
1
volF l(H)
∫
F l(H)
(ψ1, ψ2)−λΩ . (4.1.4)
Hence, the representation ρλ∗ : H → GL(Vλ∗) becomes unitary.
Let {em ; m ∈ P˜λ} be an orthonormal base of the hermitian space Vλ consisting of
weight vectors where P˜λ is an indexing set. We always take the weight λ itself as the index
for the highest weight vector. Denoting by (h)m1m2 the matrix element (em1 , ρλ(h)em2) of
ρλ(h), we put
ψm(hB) = h · (h)mλ , (4.1.5)
for each m ∈ P˜λ. Then, {ψm ; m ∈ P˜λ} forms a base of the space H0(F l(H), L−λ) of
sections. It is also an orthogonal base with respect to the hermitian product ( , )F l(H) :
(ψm1 , ψm2)F l(H) =
1
volF l(H)
∫
F l(H)
(ψm1 , ψm2)−λΩ
=
1
volH
∫
H
(ψm1(hB), ψm2(hB))−λ dh
=
1
volH
∫
H
(h)m1λ (h)
m2
λ dh =
1
dimVλ
δm1,m2 , (4.1.6)
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where dh is the Haar measure of H and we have used the theorem of Peter and Weyl in
the last step. This orthogonality formula (4.1.6) shall be used in the following argument.
Gauge Invariant Local Fields and the Dressed Fields
We specify the set of gauge invariant fields in the matter theory M . Recall that, in
the theory M , there exists a one to one correspondence between local fields and states.
The space HM of states is decomposed into a direct sum
HM =⊕
Λ
LMΛ ⊗ LMΛ , (4.1.7)
of irreducible components of the left and right representations of the symmetry group GM
of the theory. For example, ifM is a free fermionic theory, GM = G ˜Lres(H
M) where HM is
the space of left moving one particle states and there is only one irreducible component.
If M is the WZW model at level k ∈ N with simply-connected target group G, GM
is the loop group L˜GC and the sum
⊕
Λ
is over dominant weights Λ ∈ P(k)+ . For the
matter theory M we are considering, the Kac-Moody algebra L˜hC is contained in the Lie
algebra of the symmetry group GM . We can decompose the space LMΛ into irreducible
representations of L˜hC a` la Goddard, Kent and Olive [19]:
LMΛ =
⊕
λ
LΛ,λ ⊗ LHλ . (4.1.8)
where the space LΛ,λ is the subspace of L
M
Λ consisting of highest weight states of weight
(λ, kc−2h∨) with respect to L˜hC. Each non-zero element of LΛ,λ generates the integrable
representation LHλ whose lowest energy subspace is identified with the unitary represen-
tation Vλ of a covering group H˜ of H .
Let an element Φλ of LΛ,λ ⊗ LΛ,λ correspond in the standard way to a field denoted
by (Oλ)
λ
λ. The J(N
−
0 ) × J¯(N−0 ) descendants of (Oλ)λλ form a (dimVλ)2-dimensional rep-
resentation {(Oλ)m¯m ; m, m¯ ∈ P˜λ} of H˜C × H˜C :
J(hL)J¯(hR)(Oλ)
m¯
m = (h
∗
R)
m¯
m¯′(Oλ)
m¯′
m′(hL)
m′
m . (4.1.9)
Note that HC can act on this space by h 7→ J(h˜)J¯(h˜), where h˜ ∈ H˜C represents h ∈ HC.
We now recall that the gauge invariance condition for the local field O is stated as
(see the equations in (1.1.8))(
J(v) + J¯(v)
)
O = 0 for v ∈ Lie(H) , (4.1.10)
J(znv)O = J¯(znv)O = 0 for v ∈ Lie(H) and n ≥ 1 . (4.1.11)
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By Schur’s lemma, we can define a one to one correspondence between the gauge invariant
local fields and the states in the subspace⊕
Λ,λ
LΛ,λ ⊗ LΛ,λ , (4.1.12)
of HM : The state Φλ chosen above corresponds to the gauge invariant field given by
1
dimVλ
trλOλ =
1
dim Vλ
∑
m∈P˜λ
(Oλ)
m
m , (4.1.13)
where trλ is the trace over the vector space Vλ. The dressed field is then given by
1
dimVλ
h (trλOλ) =
1
dim Vλ
trλ (Oλhh
∗) , (4.1.14)
where we recall that hO is the field insertion defined by hO(g) = O(h−1gh∗−1) (see the
explanation of the eq. (2.1.4)).
For example, if the matter M is the WZW model targetting G and if H = G/ZG,
then we have LΛ,λ = δΛ,λC. A generator of Lλ,λ ⊗ Lλ,λ corresponds to trλ (g−1) and the
dressed field is given by trλ (g
−1hh∗).
Integral Expression of Gauge Invariant Fields
We now express the dressed field 1
dimVλ
trλ (Oλhh
∗) as an integral over the flag manifold
F l(H). We introduce a field valued differential form Ωλ(hh
∗) on F l(H) of top degree
defined by the following statement : At the point h1B ∈ F l(H) represented by h1 ∈ H ,
it is related to the H-invariant volume form Ω by
(Ωλ(hh
∗))h1B = h1(Oλ)
λ
λ
∣∣∣eλ+2ρ(b(h−11 h))∣∣∣2Ωh1B , (4.1.15)
where b(h−11 h) ∈ B is the Borel-part of the Iwasawa decomposition HC = B · H of
h−11 h ∈ HC. As shall be proved shortly, the following relation (R) holds true
(R) £∗h−1Ωh−1h1B =
∣∣∣e2ρ(b(h−11 h))∣∣∣2Ωh1B , (4.1.16)
where £h−1 denotes the left translation £h−1 : F l(H) → F l(H) defined by £h−1h1B =
h−1h1B. Then, we have
(£∗hΩλ(hh
∗))h−1h1B = h1(Oλ)
λ
λ
∣∣∣eλ(b(h−11 h))∣∣∣2Ωh−1h1B . (4.1.17)
The Iwasawa decomposition h−1h1 = U b(h
−1
1 h)
−1 shows that we have a representative
U ∈ H of h−1h1B such that h−1h1(Oλ)λλ = U(Oλ)λλ
∣∣∣e−λ(b(h−11 h))∣∣∣2. It then follows that
(£∗hΩλ(hh
∗))UB = hU(Oλ)
λ
λΩUB = h(Oλ)
m¯
m(U
−1)λm¯(U)
m
λ ΩUB , (4.1.18)
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which amounts to the following identity of top differential forms :
£∗hΩλ(hh
∗) = h(Oλ)
m¯
m(ψ
m¯, ψm)−λΩ , (4.1.19)
where ψm is a holomorphic section of the line bundle L−λ over the flag manifold F l(H)
with the expression (4.1.5). Integrating this over F l(H), we finally have the main result
of this section :
1
volF l(H)
∫
F l(H)
Ωλ(hh
∗) =
1
dimVλ
trλ (Oλhh
∗) , (4.1.20)
where we have used the orthogonality formula (4.1.6).
( Proof of the relation (R) ) Using the Iwasawa decomposition of h−11 h, we see that
to prove (R) is equivalent to prove the following relation for b ∈ B :
£∗bΩB =
∣∣∣e−2ρ(b)∣∣∣2ΩB . (4.1.21)
Since the (1, 0)-tangent space at the origin B of F l(H) is isomorphic to Lie(HC)/LieB,
we have only to show that e−2ρ(b) is the coefficient of
∧
−α∈∆−
e−α in the weight vector
decomposition of
∧
−α∈∆−
adb(e−α).
24 To show this, we introduce a total ordering < in the
set ∆− of negative roots such that
if −α < −β , −α /∈ −β +∆+ . (4.1.22)
It is easy to see that there exists such ordering. Then, the root vector decomposition of
adb(e−β) does not involve e−α if −α < −β. This completes the proof.
The Flag Partner
Suppose that the dressed gauge invariant field 1
dimVλ
trλ(Oλhh
∗) is inserted into a cor-
relator ZtotΣ,P (g, A ; · · ·) of the combined system of the matter theory M , the HC/H-WZW
model and the adjoint ghost system. We assume that the background gauge field A is
chosen to be flat on a disc D0 around the insertion point x ∈ Σ. If we choose a horizontal
frame s0 on D0, we can define the field-state correspondence and the inserted field may
be expressed as an integral (4.1.20) over the flag manifold F l(H).
To get an intrinsic formula which does not refer to such choice of the frame, we
introduce the flag manifold Px/T ∼= PCx/B of the fibre Px over x ∈ Σ which is denoted
by F l(Px). Since the choice s0(x) ∈ Px determines an isomorphism
F l(H) −→ F l(Px) , (4.1.23)
24We denote by eα a root vector corresponding to α ∈ ∆.
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by hB 7→ s0(x)hB, we find it more natural to think of Ωλ(hh∗) a measure on F l(Px)
rather than a measure on F l(H). It is rewritten as
Ωλ(hh
∗)f = (Oλ)
λ
λ(f)
∣∣∣eλ+2ρ(bf (h))∣∣∣2Ωf , (4.1.24)
where f = sB ∈ F l(Px) is a flag over x represented by an H-frame s ∈ Px. The field
(Oλ)
λ
λ(f) correspond to the state Φλ ∈ LΛ,λ ⊗ LΛ,λ with respect to the horizontal frame
that coincides with s ∈ Px at x. bf(h) is the Borel part of the Iwasawa decomposition of
the coefficient hs of h(x) = shs. As it should be, we can check that these fields (Oλ)
λ
λ(f)
and bf (h) do not depend on the choice of the representative s ∈ Px of the flag f . The
volume form Ω on F l(H) is sent by the map (4.1.23) to an adHPx-invariant volume form
on F l(Px) denoted again by Ω.
Making use of the ghost fields, we may further rewrite the measure Ωλ(hh
∗) in another
form. Let us take an open subset UF of F l(Px) which is coordinatized by complex param-
eters f 1, · · · , f |∆+|. We assume that there is a family {σf}f∈UF of holomorphic sections
of (PC, ∂¯A) over the neighborhood D0 of x such that σf(x)B = f . Then, the symbol
(∂σf/∂f
α)σ−1f determines a holomorphic section να(f) of (adPC, ∂¯A) over D0. Using the
singular behavior (1.1.3) of the product b(z)c(w) of ghosts as z → w, we obtain the
following expression 25 for Ωλ(hh
∗) on UF :
Ωλ(hh
∗)f =
|∆+|∏
β=1
d2fβO
∫
x
b νβ(f)O
∫
x
b¯ ν¯β(f)Oλ(f) , (4.1.25)
where Oλ(f) = (Oλ)
λ
λ(f)
∣∣∣eλ+2ρ(bf (h))∣∣∣2 ∏
−α<0
c−αs c¯
−α
s . (4.1.26)
In the expression (4.1.26), c−αs is the coefficient of the ghost c(x) = s · eacas with respect to
an H-frame s such that sB = f . Note that the product
∏
−α<0 c
−α
s c¯
−α
s does not depend
on the choice of the representative s ∈ Px of the flag f .
We call the field Oλ(f) given in (4.1.26) the flag partner of the dressed invariant field
1
dimVλ
trλ(Oλhh
∗). It is a local field in the combined system of the matter field theory
M , the HC/H-WZW model and the adjoint ghost system. It should be noted that it is
defined only after a flag f over the insertion point x is specified.
Remark. Though it plays less important role in this paper, we introduce a fermionic
current
Q = JMc+ JHc/Hc+
1
2
:Jghc : , (4.1.27)
25Here and henceforth, we denote the normalized contour integral 12pii
∮
by O
∫
.
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where JM , JHc/H and Jgh are the H-currents of the matter field theory M , the HC/H-
WZW model and the adjoint ghost system respectively. The product :Jghc : is defined by
the point splitting regularization as in the equations (1.1.14), (2.1.14), though this time
we do not need to subtract any singular term. It is possible to see that the current Q is
meromorphic as well as gauge invariant. The product of Q(z) with the dressed invariant
field 1
dimVλ
trλ(Oλhh
∗)(w) or with the flag partner Oλ(f)(w) is regular as z → w.
In the literature [7], tˆ-relative d = 1
2πi
∮
Q-cohomology groups are calculated by choos-
ing suitable L˜hC-modules for the HC/H-part to construct the cochain complex. They
include as a non-trivial element, the state of the form
|λ〉M ⊗ | − λ− 2ρ〉Hc/H ⊗
∏
−α<0
c−α0 |0〉gh , (4.1.28)
where |λ〉M is a state in the matter theory M which is highest with weight (λ, kc − 2h∨)
with respect to L˜hC, | − λ− 2ρ〉Hc/H is a highset weight state with weight (−λ− 2ρ,−kc)
in a suitably chosen L˜hC-module and |0〉gh is the natural vacuum of the ghost sector.
This state seems to correspond to the left moving part of our flag partner Oλ(f) where
the flag f is represented by a frame that determines the field-state correspondence. It
should be emphasized however that, to calculate correlators using Oλ(f), in general we
must integrate over all flags with suitable b-ghost insertions.
4.2 A New Integral Expression
We combine the result of Chapter 3 and the result of the preceding section.
The correlation function (3.0.1) is expressed as an integral over a certain space which is
generically a flag bundle over the moduli space of holomorphic HC-bundles.
Combination of the Results
Let O be a gauge invariant field of the matter field theory M . We consider the
correlation function ZΣ,P (g ;OO(x)) of O inserted at x ∈ Σ and other gauge invariant
fields O = O1(x1) · · ·Os(xs) inserted elsewhere. The result of Chapter 3 states that the
correlator is given by an integral of a measure ΩMΣ,P (g,OO(x)) over the moduli space N ◦P
of holomorphic HC-bundles of topological type PC. If we choose a coordinatized open
subset U with a holomorphic family {Au}u∈U of representing gauge fields, the measure on
U is given by
ΩMΣ,P ( g ;OO(x))u (4.2.1)
=
dN∏
a=1
d2ua ZtotΣ,P
(
g, Au ; δ(2dS)
(
Fu(h)
) dS∏
i=1
F iu,h(c)F¯
i
u,h(c¯)
dN∏
a=1
〈
b,νa(u)
〉〈
b¯, ν¯a(u)
〉
O˜ O˜(x)
)
,
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where O˜ and O˜ are the dressed gauge invariant fields. We recall that ZtotΣ,P (g, A ;O) is the
correlation function for the total system — the combined system of the matter system M ,
the HC/H-WZW model and the adjoint ghost system.
If we use the result of the section 4.1 which expresses the dressed field O˜ as an integral
over the flag manifold F l(Px), we see that the following measure on U×F l(Px) reproduces
the above measure ΩMΣ,P after the integration along each F l(Px) :
Ω˜MΣ,P,x( g ;OO)(u,f) =
dN∏
a=1
d2ua
|∆+|∏
α=1
d2fα ZtotΣ,P
(
g, Au ; δ
(
Fu(h)
) dS∏
i=1
F iu,h(c)F¯
i
u,h(c¯) (4.2.2)
×
dN∏
a=1
〈
b,νa(u)
〉〈
b¯, ν¯a(u)
〉 |∆+|∏
α=1
O
∫
x
bνα(f)O
∫
x
b¯ν¯α(f) O˜O(f)
)
,
where O(f) denotes the flag partner of the dressed field O˜(x).
At this stage, however, it is not obvious whether this form Ω˜MΣ,P,x on U×F l(Px) extends
to a well defined form on some flag bundle over the moduli space N ◦P .
Transformation Properties of the Form Ω˜MΣ,P,x
To find an answer to this question, let {A1u}u∈U and {A2u}u∈U be two families of
representatives that are related by
A1u = A
h21u
2u
, (4.2.3)
through a family {h21u}u∈U of chiral gauge transformations. The groups Siu = Aut∂¯Aiu of
symmetries are then related by S1u = h
−1
21uS2uh21u. Hence, if {F1u} is a family of residual
gauge-fixing functions for {S1u}, F2u(h) = F1u(h−121uh) determines a family {F2u} of residual
gauge-fixing functions for the symmetries {S
2u}. Correlators of the total system with the
backgrounds A1u and A2u are related by
ZtotΣ,P
(
A1u ; δ
(
F1u(h)
) dS∏
i=1
F i
1u,h(c)F¯
i
1u,h(c¯)O˜
∏
(b; b¯)O(f)
)
(4.2.4)
= ZtotΣ,P
(
A2u ; δ
(
F2u(h)
) dS∏
i=1
F i
2u,h(c)F¯
i
2u,h(c¯)O˜
∏
(h−1
21ubh21u; h
∗
21ub¯h
∗−1
21u )h21uO(f)
)
,
where
∏
(b; b¯) is any functional of the fields b and b¯. To derive this relation, we have used
the fact that the chiral anomaly is absent in the total system : krHG + r
H
V − kc + 2h∨ = 0.
(See the equation (3.3.3).)
Making use of the Iwasawa decomposition of h21u(x) ∈ adHcPC with respect to the flag
f ∈ F l(Px), it is possible to see that
h21uO(f) = O(h21uf) , (4.2.5)
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where the action of GPc on the flag manifold F l(Px) = (PC)x/B is induced by the action
on (PC)x. Now, it is enough to note the relation
δA(0,1)
1u
= h−1
21u
δA(0,1)
2u
h21u + ∂¯A1u
(
h−1
21u
δh21u
)
, (4.2.6)
to see that the form Ω˜MΣ,P,x on {1}×U×F l(Px) with the representative {A1u}u∈U coincides
with one on {2}×U×F l(Px) with the representative {A2u}u∈U , under the identification
of the two spaces given by
(1, u, f)←→ (2, u, h21uf) . (4.2.7)
The Space N ◦P,x
Let {Ui} be an open covering of the moduli space N ◦P such that each Ui is endowed
with a holomorphic family {A
iu}u∈Ui of representing gauge fields. If Ui and Uj intersect
with each other, we can choose a family {h
iju}u∈Ui∩Uj of chiral gauge transformations such
that A
ju = A
hiju
iu .
If the symmetry group S
iu = Aut∂¯Aiu is trivial everywhere, the families
⋃
i,j
{h
iju} nec-
essarily satisfy the triangle identities :
h
ijuhjku = hiju , for u ∈ Ui ∩ Uj ∩ Uk . (4.2.8)
Hence we can define the flag bundle N ◦P,x
Fl(Px)−→ N ◦P by identifying (i, u, f) ∈ {i}×Ui×F l(Px)
and (j, u, h
jiuf) ∈ {j}×Uj×F l(Px) if u ∈ Ui ∩ Uj . Then, Ω˜MΣ,P,x extends to a measure
ΩMΣ,P,x on the flag bundle N ◦P,x and we have
ZΣ,P (g ;OO(x)) =
∫
N ◦P,x
ΩMΣ,P,x( g ;OO) . (4.2.9)
If the symmetry groups S
iu are non-trivial and act non-trivially on the flag manifold
F l(Px), the situation is subtle. It may be possible that any choice of families ∪i,j{hiju}
does not satisfy the triangle identities and even if there exists a good choice, it is highly
non-canonical.
To avoid such subtlety, we shall perform the integration along each Su-orbit, expecting
to obtain a well-defined measure on the space of Su-orbits. However, the group Siu is
generically non-compact and each quotient Su\F l(Px) is not even Hausdorff. We now
argue that we can select out certain orbits with good quotients. An orbit through the
flag f is the homogeneous space Su/Su,f where Su,f is the group of symmetries of Au
that fix the flag f . Since the upper semi-continuity theorem for dimSu,f is expected
to hold, it may be possible to find an open dense subset Smaxu Fx of F l(Px) consisting of
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Su-orbits of maximum dimensions. In the integration along Su-orbits in F l(Px), we have
only to take into account the contribution of the subset Smaxu Fx, unless the form Ω˜
M
Σ,P,x
has distributional supports in the complement F l(Px) − Smaxu Fx. Expecting the quotient
Su\Smaxu Fx or the family
⋃
u∈U
Su\Smaxu Fx of quotients to be a good space (such as manifold
or orbifold), we introduce the space
N ◦P,x =
(⋃
i
⋃
u∈Ui
{i}×Ui×Siu\Smaxiu Fx
)
/∼ , (4.2.10)
where the equivalence relation is given by (i, u, [f ]) ∼ (j, u, [h
jiuf ]) for u ∈ Ui ∩ Uj.
Then, we expect that the integration of Ω˜MΣ,P,x along each Su orbit becomes a well-defined
measure ΩMΣ,P,x on the space N ◦P,x. This shall be established shortly.
Note that the space N ◦P,x can be considered as a subset of AP ×GPc F l(Px), where
the group GPc acts holomorphically on the product space AP × F l(Px) by ((A, f), h) 7→
(Ah, h−1f). As we shall see in the next section, this space can be identified with a moduli
space of certain holomorphic objects — holomorphic HC-bundles with flag structure at
one point x.
Assumption of the Existence of Holomorphic Family
To pave the way to find a new expression for the integral (3.0.1), we study local
properties of the space N ◦P,x.
First, we introduce notations. Recall that dN and dS denote the dimensions of the
moduli space N ◦P and the symmetry group Su for u ∈ N ◦P respectively. We denote
by dSf the dimension of the symmetry group Su,f where the pair (Au, f) represents an
element of N ◦P,x. Then, the expected dimension dNf of the space N ◦P,x is given by dNf =
dN + |∆+| − dS + dSf .
We assume without proof that the following holds : For a generic point v0 ∈ N ◦P,x,
we can find a coordinatized neighborhood V of v0 in N ◦P,x in such a way that there is
a family { (Av, fv) ∈ AP ×F l(Px) }v∈V of representatives depending holomorphically on
the coordinates v1, · · · , vdNf . We take a family of holomorphic trivializations σ0(v) over
a neighborhood U0 of x such that σ0(v, x)B = fv. We also take a family σ∞(v) of
holomorphic trivializations over the open subset U∞ = Σ − {x}. We take such families
σ0(v) and σ∞(v) of trivializations so that the transition function h∞0(v) defined by σ0(v) =
σ∞(v)h∞0(v) depends holomorphically on the coordinates v
A.
We choose a coordinate system v1, · · · , vdNf on V in such a way that the last (dNf−dN )-
tuples of coordinates vdN+α = vdN+1, · · · , vdNf deform only flags, that is, ∂σ∞(v)/∂vdN+α =
0. Then, we see that the section να(v) =
(
∂σ0(v)/∂v
dN+α
)
σ0(v)
−1 of adPC defined on U0
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is expressed as
να(v) = σ0(v) · h∞0(v)−1 ∂
∂vdN+α
h∞0(v) . (4.2.11)
Let us choose trivializations s0 and s∞ of P |U0 and P |U∞ respectively that do not
depend on v. We introduce the functions h0(v) and h∞(v) that relate the sections σ0(v),
s0 of PC|U0 by σ0(v) = s0h0(v)−1 and the sections σ∞, s∞ of PC|U∞ by σ∞(v) = s∞h∞(v)−1
respectively. Since the connection Av is represented by ∂¯Avs0 = s0 · h0(v)−1∂¯h0(v) on U0
and by ∂¯Avs∞ = s∞ · h∞(v)−1∂¯h∞(v) on U∞, the deformation of Av for the variation of v
is expressed as
δA(0,1)v = ∂¯Av
(
s0 · h0(v)−1δh0(v)
)
on U0 (4.2.12)
= ∂¯Av
(
s∞ · h∞(v)−1δh∞(v)
)
on U∞ . (4.2.13)
Hence, if b is a section of K ⊗ adPC which is holomorphic with respect to ∂¯Av on the
supports of s0 · h0(v)−1δh0(v) and s∞ · h∞(v)−1δh∞(v), we have
1
2πi
∫
Σ
b δA(0,1)v =
1
2πi
∮
x
b
(
s0 · h0(v)−1δh0(v)− s∞ · h∞(v)−1δh∞(v)
)
(4.2.14)
=
1
2πi
∮
x
b σ0(v) · h∞0(v)−1δh∞0(v) , (4.2.15)
where the contour encircles the point x.
The New Integral Expression
We shall obtain a measure ΩMΣ,P,x(g ;OO) by integrating the form Ω˜MΣ,P,x along each
Su-orbit in F l(Px) that corresponds to a point in N ◦P,x.
We start with the coordinatization. We take a holomorphic family { (Av, fv) }v∈V on
an open set V in N ◦P,x which is coordinatized as in the above argument. We denote by
v the first dN -tuples of v : v = (v
1, · · · , vdN ). We may think that the connection Av
depends only on v and hence we write the symmetry groups and the residual gauge-fixing
functions by Sv = Aut∂¯Av and F
i
v. We may as well assume that we can find a submanifold
Tv of Sv that is projected diffeomerphically onto Sv/Sv,fv for every v ∈ V. (If it does not
exist, we take some open covering {Vi} of ∪vSv/Sv,fv and argue in the same way on each
Vi.) We choose a local coordinate t
1, · · · , tdS−dSf on an open set in Tv.
The measure Ω˜MΣ,P,x is then expressed as
Ω˜MΣ,P,x( g ;OO)(v,htfv)=
dNf∏
A=1
d2vA
dS−dSf∏
i=1
d2ti ZtotΣ,P
(
g, Av ;δ
(
Fv(h)
)dS∏
i=1
F iv,h(c)F¯
i
v,h(c¯) (4.2.16)
×
dNf∏
A=1
O
∫
x
b νA(v)O
∫
x
b¯ ν¯A(v)
dS−dSf∏
i=1
O
∫
x
b νi(v, t)O
∫
x
b¯ ν¯i(v, t) O˜O(htfv)
)
,
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where νA(v) and νi(v, t) are the holomorphic sections of (adPC, ∂¯Av) on the subset U0∩U∞
defined by
νA(v) = σ0(v) · h∞0(v)−1 ∂
∂vA
h∞0(v) , (4.2.17)
νi(v, t) =
( ∂
∂ti
ht
)
h−1t . (4.2.18)
The absence of chiral anomaly shows that the above measure Ω˜MΣ,P,x( g ;OO) at (Av, htfv)
is expressed as
dNf∏
A=1
d2vA
dS−dSf∏
i=1
d2ti ZtotΣ,P
(
g, Av ;δ
(
Fv(hth)
)dS∏
i=1
F iv,hth(htch
−1
t )F¯
i
v,hth(h
∗−1
t c¯h
∗
t ) (4.2.19)
×
dNf∏
A=1
O
∫
x
b νA(v)O
∫
x
b¯ ν¯A(v)
dS−dSf∏
i=1
O
∫
x
htbh
−1
t νi(v, t)O
∫
x
h∗−1t b¯h
∗
t ν¯i(v, t) O˜O(fv)
)
.
At this stage, we change the order of the integrations : We consider the field h ∈ GPc
to be fixed and first integrate over Tv. For each h ∈ GPc , let hv(h) be the unique element
of Sv such that Fv(hv(h)h) = 0. We denote by h0(h) the unique element of Tv which lies
in hv(h)Sv,fv . We choose a neighborhood UT of h0(h) in Tv and reparametrize the image
CdS of the function Fv in such a way that the followings hold :
(i) If h′ ∈ h0(h)Sv,fv satisfies F 1v (h′h) = · · · = F
dSf
v (h′h) = 0, then h′ = hv(h).
(ii) For each h′′ ∈ UT , F
dSf+1
v , · · · , F dSv are constant along h′′Sv,fvh.
Roughly speaking, F iv for 1 ≤ i ≤ dSf varies in the direction of Sv,fv -orbit and F jv for
dSf < j ≤ dS varies in the direction of Tv ∼= Sv/Sv,fv . The first condition (i) shows that
the functions F iv(h) = F
i
v(h0(h)h) for 1 ≤ i ≤ dSf play the role of residual gauge-fixing
functions for the symmetry groups Sv,fv .
If we integrate over UT , we see that the delta function serves the factor∣∣∣∣∣det
(
∂
∂tj
F
dSf+i
v (hth)
)∣∣∣∣∣
−2
δ(2dSf )
(
Fv(h)
)
. (4.2.20)
At the same time, we deform the contours of the integrals O
∫
x
b h−1t
∂
∂ti
ht, then, the field
b meets the c-insertions F jv,hth(htch
−1
t ). The contour integrals around these c-insertions
serve a determinant factor that cancels with the determinant in the formula (4.2.20).
Thus we have reached to the following measure on V :
ΩMΣ,P,x( g ;OO)v (4.2.21)
=
dNf∏
A=1
d2vA ZtotΣ,P
(
g, Av ; δ
(
Fv(h)
)dSf∏
i=1
F iv,h(c)F¯
i
v,h(c¯)
dNf∏
A=1
O
∫
x
b νA(v)O
∫
x
b¯ ν¯A(v) O˜O(fv)
)
,
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We can check that this expression is independent on the choice of the holomorphic family
{ (Av, fv) }v∈V . This shows that the form ΩMΣ,P,x( g ;OO) extends to a well-defined measure
on the space N ◦P,x. We have thus obtained the new integral expression for the correlation
function :
ZΣ,P ( g ;OO(x)) =
∫
N ◦
P,x
ΩMΣ,P,x( g ;OO) . (4.2.22)
4.3 The Moduli Space Of Holomorphic Principal Bundles
With Flag Structure — Examples
As has been noticed in the preceding section, the space N ◦P,x introduced in the
course of finding the expression (4.2.22) is a subset of the set AP×GPcF l(Px) of GPc-orbits
in the product space AP×F l(Px). This set AP×GPcF l(Px) can naturally be identified with
the set of isomorphism classes of certain holomorphic objects — holomorphic HC-bundles
with quasi-flag structure at one point. Using this fact, we give an explicit description of
the space N ◦P,x for some simple cases.
Holomorphic HC-Bundles with Quasi-Flag Structure
We fix a maximal torus T ofH and a chambre C and we denote by B the corresponding
Borel subgroup of HC. For a holomorphic HC-bundle P over Σ, a choice of flag f ∈ Px/B
at x ∈ Σ is called a quasi-flag structure of P at x.[26] Two holomorphic HC-bundles with
quasi-flag structure at x say (P1, f1) and (P2, f2) are said to be isomorphic when there
is an isomorphism P1 −→ P2 of holomorphic HC-bundles which sends the flag f1 to f2.
Notice that the set of isomorphism classes of quasi-flag structures of a holomorphic HC-
bundle P at x is given by the set AutP\Px/B where AutP is the group of automorphisms
of P. In the rest of the paper, we shall abbreviate the term ‘quasi-’.
As in the case without flags, for a principal H-bundle P , the set AP ×GPc F l(Px) of
GPc-orbits in the space AP×F l(Px) can naturally be identified with the set of isomorphism
classes of holomorphic HC-bundles of topological type PC with quasi-flag structure at x.
A method is given to characterize a holomorphic HC-bundle with flag structure that
represents a class identified with an element of N ◦P,x. For a holomorphic HC-bundle
P with flag structure f at x, we denote by Aut(P, f) the group of automorphisms of
P that preserve the flag f . Then, (P, f) represents a class that is identified with an
element of N ◦P,x if and only if P represents a class identified with an element of N ◦P and
dimAut(P, f) ≤ dimAut(P, f ′) for other choices f ′ of flags.
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On the Sphere
We classify the holomorphic principal bundles over the complex projective line P1
with quasi-flag structure at one point. We follow the notation of section 3.1.
We start with the example in which H = SU(n)/Zn or HC = PSL(n,C). We choose
the Borel subgroup B = B+0 that is represented by the set of upper triangular matrices.
Recall that the holomorphic HC-bundles on P
1 are classified using the Birkhoff factoriza-
tion theorem. A detailed statement of the same theorem also classifies the holomorphic
HC-bundles with flag structure at, say, z = 0. Let (P, f) be a holomorphic HC-bundle
with a flag f at z = 0. Let σ0 be a frame on the z-plane U0 such that σ0(0)B = f , and let
σ∞ be a frame on the w-plane U∞. These are related by the transition rule σ0 = σ∞h∞0
where h∞0 is represented by a multivalued holomorphic map from U0 ∩ U∞ to SL(n,C).
The theorem states [31] that there is a unique element a ∈ P∨ such that
h∞0(z) = b−(z)z
−ab+(z)
−1 , (4.3.1)
where b− extends to a map from U∞ and b+ extends to a map from U0 such that b+(0) ∈ B.
Thus, the set of isomorphism classes of holomorphic HC-bundles with quasi-flag structure
at z = 0 is identified with the discrete set P∨. For each a ∈ P∨, we denote by Pa the
pair (P[a], fa) of an HC-bundle P[a] with the transition rule σ(a)0 = σ(a)∞ z−a and a flag
fa = σ
(a)
0 (0)B at z = 0.
Now let us calculate the dimension of the symmetry group AutPa ⊂ AutP[a]. Recall
that an element h of AutP[a] is represented with respect to the frame σ(a)0 by an SL(n,C)-
valued function of z whose i-j-th entry (h0)
i
j(z) is a span of 1, z, · · · , zai−aj if ai ≥ aj and
zero if ai < aj . This element h belongs to AutPa if h0(0) ∈ B, that is, if (h0)ij(0) = 0 for
i > j. Thus, we see that the dimension is given by
dimAutPa = dimAutP[a] −
∑
i>j
ai≥aj
1 = n− 1 +∑
i<j
(
|ai − aj |+ θai,aj
)
, (4.3.2)
where θx,y = 0 if x < y and θx,y = 1 if x ≥ y. An element a ∈ P∨ minimizes this value
in its permutation class if and only if the entries satisfy a1 ≤ a2 ≤ · · · ≤ an. That is,
dimAutPa ≤ dimAutPwa for any w ∈ W = Sn ⇐⇒ a ∈ P∨ ∩ (−C).
Remember that there is a smooth SU(n)/Zn-bundle P
(j) for each j ∈ J0 such that
N ◦
P (j)
is one point {P[µj ]}. By the above statement of the Birkhoff theorem, the set of
distinct flag structures on P[µj ] is identified with the Weyl orbit Wµj. Let nwjw0 denote
the matrix given by (
0 1j
1n−j 0
)
(−1) j(n−j)n , (4.3.3)
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which represents the element wjw0 of W . In the above expression, 1j denotes the j × j
identity matrix. Since a = adn−1wjw0µj = (wjw0)
−1µj satisfies a1 ≤ · · · ≤ an, it is the
unique element in the orbit Wµj that minimizes the dimension of the symmetry group
AutPa. Hence N ◦P (j),x consists of one point which is represented by Pj = (P[µj ], fj) where
P[µj ] is an HC-bundle with the transition rule
σ0(z) = σ∞(z)z
−µjnwjw0 , (4.3.4)
and fj is the flag σ0(0)B.
For general centerless simple group H , the story is essentially the same. We choose
a maximal torus T and a chambre C (see Appendix 2 for notations). The corresponding
Borel subgroup is denoted by B. Isomorphism classes of holomorphic HC-bundles with
flag structure at z = 0 are indexed by the lattice P∨ : Each a ∈ P∨ indexes an isomorphism
class represented by Pa = (P[a], fa) where P[a] is an HC-bundle with the transition rule
σ
(a)
0 = σ
(a)
∞ z
−a and fa is the flag σ
(a)
0 (0)B at z = 0. The dimension of the group AutPa of
automorphisms is given by
dimAutPa = l +
∑
α>0
(
|α(a)|+ θα(a),0
)
, (4.3.5)
which is minimized, within each Weyl orbit, by a unique element in −C. For each j ∈ J0,
N ◦
P (j),x
consists of one point which is represented by Pj = (P[µj ], fj) where P[µj ] is an
HC-bundle with the transition rule
σ0(z) = σ∞(z)z
−µjnwjw0 , (4.3.6)
and fj is the flag σ0(0)B. In the above, nwiw0 is an element of NT that represents the
element wjw0 ∈ W .
On Torus with H = SO(3)
We next consider the case in which Σ is the torus and the gauge group H is SO(3).
This time, we realize the torus Στ by C
∗/qZ where qZ is the subgroup of C∗ generated by
q = e2πiτ . This is obtained by the previous realization C/(Z+τZ) through the exponential
map ζ 7→ z = e−2πiζ .
First, we describe several holomorphic PSL(2,C)-bundles over the torus Στ .
We recall that a flat SO(3) connection on the trivial bundle is represented by the
holonomies a˜ = e2πiφσ3 and b˜ = e2πiψσ3 where σ3 is one of the Pauli’s matrices. The
corresponding holomorphic PSL(2,C)-bundle is obtained by identifying the points in
C × PSL(2,C) in the following way : (ζ, g) ≡ (ζ + 1, a˜−1g) ≡ (ζ + τ, b˜−1g). If we
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introduce a frame σ(0)u (z) = (ζ, e
−2πiφζσ3) which is single valued along the closed loop
ζ → ζ + 1, this bundle denoted by P(0)u is described by the transition rule :
σ(0)u (zq) = σ
(0)
u (z)e
−2πiuσ3 , u = ψ − τφ . (4.3.7)
Recall that P(0)u and P(0)u′ are isomorphic if and only if u′ ≡ ±u modulo 12Z+ τ2Z.
In the similar way, the holomorphic PSL(2,C)-bundle corresponding to the unique
flat SO(3)-bundle of non-trivial topology is described by the transition rule
σ
(1)
F (zq) = σ
(1)
F (z)
(
0 q−
1
4z−
1
2
−q 14z 12 0
)
, (4.3.8)
and is denoted by P(1)F .
There is a topologically trivial semi-stable PSL(2,C)-bundle P(0)00 which does not come
from a flat SO(3)-connection. It is described by the transition rule
σ
(0)
00 (zq) = σ
(0)
00 (z)
(
1 1
0 1
)
. (4.3.9)
This is not isomorphic but is equivalent to P(0)0 ( P(0)00 ∼ P(0)0 ; see the footnote in the
section 3.1). In fact, {P(0)u }u∪{P(0)00 } is the set of all semi-stable PSL(2,C)-bundles with
trivial topology.
Finally, there is a parametrized family {P(1)u } of topologically non-trivial holomorphic
PSL(2,C)-bundles. The bundle P(1)u is described by the transition rule
σ(1)u (zq) = σ
(1)
u (z)e
2πi(u+ 1
4
)σ3z−
1
2
σ3 . (4.3.10)
It is not even semi-stable. P(1)u and P(1)u′ are isomorphic if and only if u′ ≡ u modulo
1
2
Z + τ
2
Z. Of course there are many holomorphic bundles of other types, though we do
not list them up.
For every holomorphicHC-bundle P described by the transition rule σ(zq) = σ(z)hq(z),
an automorphism of P is given by a holomorphic map h : C∗ → HC such that σ(zq)h(zq) =
σ(z)h(z)hq(z) or h(zq) = hq(z)
−1h(z)hq(z). We list below the group AutP(ǫ)⋆ of automor-
phisms of the bundle P(ǫ)⋆ given above. The typical elements of the automorphism groups
are represented with respect to the frames σ
(ǫ)
⋆ :
AutP(0)u ∼=

C∗
(
c 0
0 c−1
)
, c ∈ C∗, if u ≡/ 0, 1
4
, τ
4
, 1+τ
4
PSL(2,C) h ∈ PSL(2,C), if u ≡ 0
C∗×˜Z2
(
c 0
0 c−1
)
,
(
0 c
−c−1 0
)
, c ∈ C∗, if u ≡ 1
4
C∗×˜Z2
(
c 0
0 c−1
)
,
(
0 cz
1
2
−c−1z− 12 0
)
, c ∈ C∗, if u ≡ τ
4
, 1+τ
4
(4.3.11)
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AutP(0)00 ∼= C
(
1 x
0 1
)
, x ∈ C, (4.3.12)
AutP(1)F ∼= Z2× Z2 =
{(
1 0
0 1
)
,
(
i 0
0 −i
)
,
(
0 i
i 0
)
,
(
0 −1
1 0
)}
, (4.3.13)
AutP(1)u ∼= B−0
(
c 0
xϑτ,u(z) c
−1
)
, c ∈ C∗, x ∈ C , (4.3.14)
where ϑτ,u is the theta function given by ϑτ,u(z) = ϑ(τ, ζ+2u+
1+τ
2
).26 Note that ϑτ,u(1) = 0
if and only if u ≡ 0.
We next consider the flag structures on these bundles P(ǫ)⋆ at the point z = 1. A flag
at z = 1 is identified with a ray in the vector space C2 by the following map :[
x1
x2
]
∈ P1 =
(
C2 − {0}
)
/C∗ 7−→ σ(ǫ)⋆ (1)
(
x1 x3
x2 x4
)
B ∈
(
P(ǫ)⋆
)
z=1
/B , (4.3.15)
where the matrix in the right hand side is made unimodular by choosing suitable numbers
x3 and x4. It should be recalled that
(
P(ǫ)⋆ ,
[
x1
x2
])
is isomorphic to
(
P(ǫ)⋆ ,
[
h(1)
(
x1
x2
)])
if
h(z) represents an automorphism σ
(ǫ)
⋆ (z) 7→ σ(ǫ)⋆ (z)h(z) of P(ǫ)⋆ . Having these in mind we
obtain the following list of the flag structures at z = 1 on the PSL(2,C) bundles P(ǫ)⋆ :
On topologically trivial semi-stable bundles we have
if u ≡/ 0, 1
4
, τ
4
, τ+1
4
,
(
P(0)u ,
[
1
1
])
, Aut = {1},(
P(0)u ,
[
1
0
])
, Aut = C∗,(
P(0)u ,
[
0
1
])
, Aut = C∗,
if u ≡ 1
4
, τ
4
, 1+τ
4
,
(
P(0)u ,
[
1
1
])
, Aut = Z2,(
P(0)u ,
[
1
0
])
, Aut = C∗,

(
P(0)00 ,
[
0
1
])
, Aut = {1},(
P(0)00 ,
[
1
0
])
, Aut = C,(
P(0)0 ,
[
1
0
])
, Aut = B+0 .
(4.3.16)
On the topologically non-trivial semi-stable bundle coming from the flat SO(3)-bundle,
we have
(
P(1)F ,
[
1
y
])
, Aut =
 {1} if y ≡/ 0, 1, i,Z2 if y ≡ 0, 1, i, (4.3.17)
where the flag structures
[
1
y
]
and
[
1
y′
]
are isomorphic to each other if and only if y′ ≡ y,
that is, y′ coincides with one of y,−y, y−1 or −y−1.
26ϑ(τ, ζ) is the Riemann’s theta function defined by ϑ(τ, ζ) =
∑
n∈Z q
1
2
n2z−n where q = e2piiτ and
z = e−2piiζ .
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On the one parameter family of topologically non-trivial non semi-stable bundles, we have
if u ≡/ 0,
(
P(1)u ,
[
1
0
])
, Aut = C∗,(
P(1)u ,
[
0
1
])
, Aut = B−0 ,
and if u ≡ 0,

(
P(1)0 ,
[
1
1
])
, Aut = C,(
P(1)0 ,
[
1
0
])
, Aut = B−0 ,(
P(1)0 ,
[
0
1
])
, Aut = B−0 .
)
(4.3.18)
In the above expressions, each “Aut” denotes the automorphism group of the corresonding
holomorphic bundle with flag structure.
Recall that the moduli space N ◦triv for the topologically trivial bundle is represented
by the family {P(0)u }u≡/ 0, 1
4
, τ
4
, 1+τ
4
of PSL(2,C)-bundles and the moduli space N ◦non−triv for
the topologically non-trivial bundle is one point {P(1)F }. By looking at the dimensions of
the symmetry group of the flag structures listed above, we see that
N ◦triv,x =
{(
P(0)u ,
[
1
1
])}
u≡/ 0, 1
4
, τ
4
, τ+1
4
∼= C/
(
1
2
Z+ τ
2
Z
)
×˜Z2 − {4-points},(4.3.19)
N ◦non−triv,x =
{(
P(1)F ,
[
1
y
])}
y∈C
∼= (Z2 × Z2)\P1 . (4.3.20)
IfN ◦triv,x is compactified by attaching the points
(
P(0)u ,
[
1
1
])
, u = 1
4
, τ
4
, τ+1
4
and
(
P(0)00 ,
[
0
1
])
,
then we see that the compactified moduli space N ◦triv,x coinsides topologically with the
moduli space N ◦non−triv,x ∼= S2. Moreover, it seems that the families of automorphism
groups coincide with each other : Generically there is no non-trivial symmetry, but there
are three points with Aut ∼= Z2. In the next section, we shall see that this is not an
accident by constructing a natural bijection between N ◦triv,x and N ◦non−triv,x. In fact, this
is an essential step to observe the field identifications.
4.4 The Hecke Correspondence
Let us remind ourselves of the action of the fundamental group π1(H) on the set
of isomorphism classes of topological H-bundles over a surface Σ.
Let P be a principal H-bundle over Σ. We take a trivialization s0 of P on a disc D0
in Σ and denote by s the trivialization restricted to the boundary S = ∂D0. Let us take
a closed loop γ : S → H . Deleting from P the restriction P |D◦0 over the interior D◦0 of the
disc D0, we attach the trivial bundle D0 ×H to the rest P − P |D◦0 by the identification
s′0(z)←→ s(z)γ(z) z ∈ S, (4.4.1)
83
where s′0 is a trivialization of D0 × H . The topological type of the resulting principal
H-bundle Pγ depends only on the topological type of P and the homotopy type of γ.
This operation determines the action of π1(H), since the set of homotopy types of maps
S → H is identified with the group π1(H) under an arbitrary orientation preserving
parametrization [0, 1]→ S. In view of the fact that P −P |D◦0 is trivializable, it is easy to
see that this action is free and transitive.
As a last step to derive the field identification, we show that this action lifts to an action
on the set of isomorphism classes of holomorphic HC-bundles with quasi-flag structure at
one point. Namely, for topologically distinct H-bundles P and P ′, we find a way to
identify the sets AP ×GPc F l(Px) and AP ′×GP ′c F l(P
′
x). We also argue that, under this
identification, the moduli spaces N ◦P,x and N ◦P ′,x have a chance to correspond essentially
to each other. This is presened as a conjecture and is verified in several examples.
The Lift in the Abelian Case
We choose and fix a neighborhood U0 of a point x in Σ provided with a complex
coordinate z such that z(x) = 0.
First, we recall the situation in the abelian case H = U(1), π1H = Z. In this case,
we can find a lift of the action of π1(H) to an action on the set of isomorphism classes of
holomorphic C∗-bundles without reference to any additional structure such as flag. For
each a ∈ Z, ‘tensoring by O(x)a’ induces an isomorphism of Picc1Σ onto Picc1+aΣ, where
Picc1Σ is the moduli space of holomorphic C
∗-bundles over Σ of winding number c1 ∈ Z.
It is given in the following way.
Let P be a holomorphic C∗-bundle of winding number c1. We take a (holomorphic)
trivialization σ0 of P|U0 and denote by σ the restriction of σ0 to the open set U0−{x}. By
a surgery of P, we construct another C∗-bundle P ′ of winding nimber c1 + a. We delete
from P the fibre Px over x and attach the trivial bundle U0 ×C∗ to the rest P − Px by
the following identification :
σ′0(z)←→ σ(z)z−a z ∈ U0 − {x}, (4.4.2)
where σ′0 is a trivialization of U0 × C∗. Then, the resulting space P ′ can be given a
structure of holomorphic C∗-bundle. The isomorphism class of the bundle P ′ does not
depend on the choice of the trivialization σ0 used in the construction nor on the choice of
the coordinate z : U0 → C. Moreover, two isomorphic bundles P1 ∼= P2 are mapped to two
isomorphic bundles P ′1 ∼= P ′2. Since any holomorphic family {Pt} is obviously mapped to
another holomorphic family {P ′t}, we have obtained an isomorphism Picc1Σ → Picc1+aΣ
giving rise to the action of π1U(1) ∼= Z on PicΣ.
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The Lift for Simple Groups
Now we consider the case in which H is simple and centerless. We use the notations
introduced in the Appendix 2.
We choose and fix a maximal torus T of H and a chambre C. Recall that the funda-
mental group π1(H) is isomorphic to the center P
∨/Q∨ of the universal covering group
H˜ . The group P∨/Q∨ is in turn isomorphic to the subgroup Γ
Ĉ
of the affine Weyl group
W ′aff of LH consisting of elements that preserve the alcoˆve Ĉ. If an element γ of ΓĈ is
represented by a loop eiθ 7→ γ(eiθ), the holomorphic extention hγ : U0 − {x} → HC satis-
fies the following : If b : U0 → HC is a holomorphic map such that b(x) ∈ B = B+0 , the
map hγbh
−1
γ : U0 − {x} → HC extends to a holomorphic map from U0 to HC whose value
at x belongs to B. It may be recalled that hγ is expressed as hγ(z) = z
−µjnwjw0 for some
j ∈ J0 where nwjw0 ∈ NT represents the element wjw0 ∈ W .
For a holomorphic HC-bundle P over Σ with flag structure f at x, a trivialization σ0
of P over a neighborhood of x is said to be admissible with resect to f or simply admissible
when the value σ0(x) at x represents the flag f , that is, when f = σ0(x)B.
Let γ be an element of Γ
Ĉ
and let hγ(z) be the holomorphic extention of a represen-
tative loop of γ. A choice of admissible trivialization σ0 of (P, f) over the coordinate
neighborhood U0 determines the following surgery of P which gives another holomorphic
HC-bundle over Σ with flag structure at x. We delete the fibre Px over x from P and
attach the trivial bundle U0 ×HC to the rest P − Px by the identification
σ′0(z)←→ σ(z)hγ(z) z ∈ U0 − {x} , (4.4.3)
where σ′0 is a trivialization of U0×HC and σ denotes the restriction of σ0 to the open set
U0−{x}. Then, the resulting space can be given a structure of a holomorphic HC-bundle
denoted by P ′. We can also give P ′ a flag structure f ′ at x by saying that the trivialization
σ′0 is admissible. We call this operation the γ-surgery with respect to σ0 or simply γ-
surgery. Another choice of admissible trivialization σ˜0 determines another γ-surgery of
P which gives a bundle (P˜ ′, f˜ ′) isomorphic to (P ′, f ′): If σ˜0 is related to σ0 by σ˜0 = σ0b
through a holomorphic map b : U0 → HC with b(x) ∈ B, an isomorphism (P˜ ′, f˜ ′) →
(P ′, f ′) is defined by σ˜′0 → σ′0h−1γ bhγ over U0 and id : P|Σ−{x} → P|Σ−{x} over Σ − {x}.
Moreover, γ-surgeries of isomorphic bundles with isomorphic flag srtucture (P1, f1) ∼=
(P2, f2) lead also to isomorphic bundles with isomorphic flag structure (P ′1, f ′1) ∼= (P2,′ f ′2)
: If an isomorphism h21 : (P1, f1) → (P2, f2) is represented over U0 by σ10 → σ20(h21)0
with respect to admissible trivializations, (h21)0 : U0 → HC is a holomorphic map with
(h21)0(x) ∈ B. Therefore, an isomorphism h′21 : (P ′1, f ′1) → (P ′2, f ′2) is defined by the
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map σ′
10 → σ′20h−1γ (h21)0hγ over U0 and by h21|Σ−{x} over Σ− {x}. Thus, we see that the
γ-surgery induces the transformation {(P, f)} −→ {(P ′, f ′)} = {(P, f)}γx of the set of
isomorphism classes of holomorphic HC-bundles with flag structure at x. It is easy to see
that this transformation is uniquely determined by γ and x.
Since these transformations {γx ; γ ∈ ΓĈ} apparently preserve the composition law
of the group Γ
Ĉ
, they determine an action of Γ
Ĉ
on the set of holomorphic HC-bundles
with flag structure at x. As is obvious by the construction, this is a lift of the action of
π1(H) ∼= ΓĈ on the set of isomorphism classes of topological H-bundles. In other words,
γx maps the set AP×GPcF l(Px) bijectively onto the set APγ×GPγcF l((Pγ)x).
The Conjecture
One important property of the map γx is that it preserves the automorphism groups.
Namely, if the bundle (P ′, f ′) is obtained by the γ-surgery of the bundle (P, f), Aut(P, f)
is isomorphic to Aut(P ′, f ′). This can be seen by putting (P1, f1) = (P2, f2) in the
preceding argument on the isomorphisms.
Recall that an element of the moduli space N ◦P,x is identified with an isomorphism
class represented by a holomorphic HC-bundle P with flag structure f at x that satisfies
the following conditions : P represents a class identified with an element of N ◦P and
dimAut(P, f) ≤ dimAut(P, f˜) for every flag f˜ at x.
Having these in mind, we make the following conjecture : There is a method to com-
pactify the moduli space N ◦P,x by attaching suitable points of AP×GPcF l(Px) in such a way
that for each γ ∈ Γ
Ĉ
, the compactified moduli space N ◦P,x is mapped isomorphically onto
another space N ◦Pγ,x by γx. If this holds true, we have the following double fibration
N ◦P,x ∼= N ◦Pγ,x
ւ ց
N ◦P N ◦Pγ
(4.4.4)
where the projections correspond to ‘forgetting the flags’. This seems to be what mathe-
maticians call the Hecke correspondence. [29]
Examples on the Sphere
We consider the case in which H is simple. Recall that the set of isomorphism classes
of the holomorphic HC-bundles over complex projective line P
1 with flag structure at
z = 0 is indexed by the lattice P∨. The bundle with flag structure Pa indexed by a ∈
P∨ is described by the transition rule σ
(a)
0 (z) = σ
(a)
∞ (z)z
−a where σ
(a)
0 is an admissible
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trivialization over the z-plane. The bundle P ′a obtained by the γj-surgery27 of Pa with
respect to σ
(a)
0 is then described by the transition relation σ
(a)
0
′
= σ(a)∞
′
z−az−µjnwjw0 of an
admissible trivialization σ
(a)
0
′
and a trivialization σ(a)∞
′
over P1−{0}. This shows that the
action of Γ
Ĉ
on the set of isomorphism classes is represented by the action
(a, γj) 7→ (wjw0)−1(a+ µj) , (4.4.5)
on the indexing set P∨.
As we have seen in the preceding section, the moduli space N ◦
P (j),x
is one point. The
unique element is represented by the bundle Pj = P(wjw0)−1µj that is described by the
transition relation σ0(z) = σ∞(z)z
−µjnwjw0 of an admissible section σ0 on the z-plane and
a section σ∞ on the w-plane. Hence we see that the γj-surgery induces the following map
:
N ◦P (i),x
γj,x−→ N ◦
P (i
′),x
, (4.4.6)
where γi′ = γiγj. Thus, the conjecture holds on the sphere.
Example with Σ = Torus and H = SO(3)
For H = SO(3), we know that there is only one non-trivial element γ1 in ΓĈ
∼= Z2
which is represented by a path
γ1(θ) = e
−iθ 1
2
σ3n ; n =
(
0 −1
1 0
)
, (4.4.7)
in SU(2). We apply the γ1-surgery to the topologically trivial semi-stable bundles with
flag structure at z = 1 that are listed in (4.3.16) and we argue whether the conjecture
holds true.
A PSL(2,C)-bundle P(0) in the list (4.3.16) is described by the transition rule of the
form σ(zq) = σ(z)hq(z), and a flag is realized by a ray
[
x1
x2
]
in C2. If we choose a matrix
hf ∈ SL(2,C) such that (hf)11 = x1 and (hf)21 = x2, then, σ0(z) = σ(z)hf is an admissible
trivialization on a neighborhood U0 of z = 1. Hence, the γ1-surgery of P(0) with respect
to σ0 leads to a bundle P(1) with an admissible trivialization σ′0 on U0 and a trivialization
σ on C∗ − qZ that are related by
σ′0(z) = σ(z)hf (z − 1)−
1
2
σ3n , z ∈ U0 − {z = 1} , (4.4.8)
σ(zq) = σ(z)hq(z) , z /∈ qZ . (4.4.9)
27We denote by γj the element of ΓĈ represented by the loop γj(θ) = e
−iµjθnwjw0 .
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If we could find PSL(2,C)-valued functions χ˜ on C∗ − qZ and h′q on C∗ such that χ˜(zq) = hq(z)
−1χ˜(z)h′q(z)
χ(z) = n−1(z − 1) 12σ3h−1f χ˜(z) is regular as z → 1,
(4.4.10)
then, σ′ given by σ′(z) = σ(z)χ˜(z) determines a multivalued section of P(1) satisfying
σ′(zq) = σ′(z)h′q(z). The flag at z = 1 is given by f
′ = σ′(1)χ(1)−1B.
The conservation Aut(P(0), f) ∼= Aut(P(1), f ′) of symmetry groups under γ1-surgery
enables us to guess the form of h′q(z) by looking at the lists (4.3.17) and (4.3.18) of topo-
logically non-trivial holomorphic bundles with flag structure at z = 1. After a calculation,
we find the solution listed below. Each arrow → signifies the γ1-surgery and χ˜ indicates
how the regular multivalued section σ′ is related to the old singular (multivalued) section
σ :
If u ≡/ 0(
P(0)u ,
[
1
1
])
→
(
P(1)F ,
[
1
yu
])
yu = iq
1
4 e2πiu
ϑ(2τ, 2u+ τ)
ϑ(2τ, 2u)
,
χ˜(z) =
(
R˜u(1)Ru(z) ie
−2πiuq−
1
4 R˜−u(1)Ru− τ
2
(z)
−R˜u(1)R−u(z) −ie−2πiuq− 14 R˜u(1)R−u− τ
2
(z)
)
; Ru(z) =
ϑ(2τ, ζ + 2u+ τ)(
ϑ(τ, ζ + τ+1
2
)
) 1
2
R˜u(z) = (z − 1) 12Ru(z) .
(4.4.11)
(
P(0)00 ,
[
0
1
])
→
(
P(1)F ,
[
1
y0
])
χ˜(z) =
(
R0(z)F (z) iq
− 1
4R− τ
2
(z)G(z)
R0(z) iq
− 1
4R− τ
2
(z)
) F (z) = 2z ∂
∂z
log ϑ(2τ, ζ+τ)− 1
G(z) = 2z ∂
∂z
log ϑ(2τ, ζ).
(4.4.12)(
P(0)u ,
[
1
0
])
→
(
P(1)u ,
[
1
0
])
χ˜(z) = n
(
ϑ(τ, ζ + τ+1
2
)
) 1
2
σ3
.
(
P(0)u ,
[
0
1
])
→
(
P(1)−u,
[
1
0
])
χ˜(z) =
(
ϑ(τ, ζ + τ+1
2
)
) 1
2
σ3
.
(
P(0)00 ,
[
1
0
])
→
(
P(1)0 ,
[
1
1
])
χ˜(z) =
(
c(z)H(z) −c(z)−1
c(z) 0
)
c(z) =
(
ϑ(τ, ζ + τ+1
2
)
) 1
2
H(z) = z ∂
∂z
log ϑ(τ, ζ + τ+1
2
).
(4.4.13)
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The most important point to notice is that the compactified moduli space N ◦triv,x whose
elements are represented by
{(
P(0)u ,
[
1
1
])}
u≡/ 0
and
(
P(0)00 ,
[
0
1
])
is mapped bijectively to the
(compact) moduli space N ◦non−triv,x whose elements are represented by the flag structures{ [
1
y
] }
y
on the semi-stable bundle P(1)F :
N ◦triv,x
γ1,x−→ N ◦non−triv,x . (4.4.14)
In terms of the coordinates u and y, this map is given by u 7→ yu where yu is given in
(4.4.11) and satisfies y−u = yu, yu+ 1
2
= −yu and yu+ τ
2
= −y−1u . Note that the orbifold
points u ≡ 1
4
, τ
4
, τ+1
4
are mapped to the orbifold points y 1
4
= 0, y τ
4
= i and y τ+1
4
= 1. It
should be noted also that the compactification divisor ofN ◦triv,x represented by
(
P(0)00 ,
[
0
1
])
is mapped to the smooth point y0. If we decide to take u
2 as the complex coordinate
around that point, the above bijection becomes an isomorphism and the conjecture holds
also in this case.
It may be remarked that the points
{(
P(0)u ,
[
1
0
])}
which do not lie in N ◦triv,x are
mapped to the points
{(
P(1)u ,
[
1
0
])}
that are not projected to the semi-stable point by
the ‘flag forgetful map’ though the former are projected to the semi-stable points
{
P(0)u
}
.
4.5 Field Identification
We are now in a position to combine all the results obtained in the previous
arguments. We first construct an action of the fundamental group π1(H) on the set of
gauge invariant fields and then, under some assumptions, observe the relation (4.0.1)
which leads to the field identification.
The Spectral Flow for the Total System and the Transformation of the Flag Partners
The space of states for the total system is the tensor product of the three spaces —
the space HM of states for the matter field theory M , the space Ω0(LHC/LH,L) for the
HC/H-WZW model and the space Fgh ⊗ F¯gh for the adjoint ghost system. On each of
these spaces there is a representation of the central extension L˜H˜C of the loop group
LH˜C, γ˜ 7→ J (γ˜) = J(γ˜)J¯(γ˜), where H˜ is a certain covering group of H . Since the sum
(krHG + r
H
V ) + (−kc) + 2h∨ of the levels vanishes, the representation on the total space
Htot = HM ⊗ Ω0(L)⊗ Fgh ⊗ F¯gh descends to a representation of the loop group LH˜C or
of LHC.
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We now recall the results on the spectral flow obtained in the Chapters 1, 2 and 3
and consider the spectral flow on the total space Htot. Let the loop γ(θ) = e−iaθn in H
represent an element of the affine Weyl group W ′aff of LH , where a ∈ P∨ and n ∈ NT .
We denote by Aγ the basic gauge field An−1an of the H-bundle P0 over the unit disc D0
with a trivialization s0 : D0 → P0. Then, we can find a horizontal frame s defined on a
neighborhood of the boundary circle S = ∂D0 such that s0(θ) = s(θ)γ(θ) on S. As we
have seen in the previous chapters, the screening by Aγ of a local field O inserted at z = 0
corresponds to the spectral flow h˜γ on the space HI of states :
Z
I(s)
D0 (Aγ ; O(0)) = h˜γZ
I(s0)
D0 (0 ; O(0)) , (4.5.1)
where I denotes one of the three sectors — matter M , HC/H-WZW model or ghost
system. If σ0 is a holomorphic trivialization of (P0C, ∂¯Aγ ) such that σ0(0) = s0(0), it is
related to the horizontal frame s by a holomorphic trivialization hγ , σ0(z) = s(z)hγ(z).
This hγ is a holomorphic extension of the loop γ up to multiplication by elements of
TC. Then, the spectral flow h˜γ is determined by this function hγ up to a constant factor
depending on the behavior of Aγ on the interior of D0. If I denotes the total system
however, since the level is zero, or since the chiral anomally is absent, h˜γ is uniquely
determined by the transition function hγ . In fact, it can be considered to be the action
J (hγ|S) of the loop hγ |S ∈ LHC. Hence we may denote just by hγ the spectral flow h˜γ
on the total space Htot.
Next, we see that a certain kind of spectral flow induces a transformation of the
subspace ofHtot consisting of the states corresponding to the flag partners of dressed gauge
invariant fields. For simplicity, we take H to be simple. Let the loop γ(θ) = e−iµjθnwjw0
represent an element of the subgroup Γ
Ĉ
of the affine Weyl group W ′aff . The spectral flow
h˜γ acting on each sector HI satisfies the following.
Since Γ
Ĉ
is the subgroup of W ′aff consisting of elements that preserve the alcoˆve Ĉ, the
spectral flow h˜γ acting on HM preserves the subspace
⊕
Λ,λ
LΛ,λ⊗LΛ,λ consisting of highest
weight vectors with respect to the loop algebra L˜hC ⊕ L˜hC. Due to the same reason, h˜γ
acting on the ghost Fock space preserves the ray generated by |Ω〉 = ∏
−α<0
c−α0 c¯
−α
0 |0〉gh which
is characterized by bn(v)|Ω〉 = 0 for n ≥ 1, v ∈ Lie(H) and b0(v)|Ω〉 = 0 for v ∈ Lie(B).
And finally, as we have seen in Chapter 3, the state | − λ− 2ρ〉 corresponding to the field∣∣∣eλ+2ρ(b(h))∣∣∣2 is mapped by h˜γ to another state |−λ′−2ρ〉 with λ′ = wjw0λ+(kc−2h∨) trµj.
The above three properties show that the spectral flow hγ on Htot maps the state
Φλ ⊗ | − λ − 2ρ〉 ⊗ |Ω〉 corresponding to the flag partner Oλ(s0(0)B) to another state
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Φ′λ′ ⊗ | − λ′ − 2ρ〉 ⊗ |Ω〉 which also corresponds to another flag partner. We should
note that the ambiguity in determining the function hγ is just the ambiguity of constant
multiplication hγ → hγca̺ by elements of TC. Since the state corresponding to a flag
partner has weight zero, the resulting state is uniquely determined by the class γ ∈ Γ
Ĉ
.
The new flag partner can now be denoted by (γOλ)(s0(0)B).
This map γ : Oλ 7→ γOλ describes the action of π1(H) ∼= ΓĈ on the set of flag partners
and hence on the set of gauge invariant local fields.
The Field Identification
We have defined the action of the fundamental group π1(H) on the set of gauge
invariant local fields and on the set of isomorphism classes of principal H-bundles. Now
we can ask whether the relation (4.0.1) holds true.
To start with, we fix the notations. Let P be a principal H-bundle over Σ. We choose a
neighborhood U0 of the insertion point x ∈ Σ, a complex coordinate z with z(x) = 0, and a
section s0 of P |U0. We assume that U0 includes the unit discD0 = {z ; |z| ≤ 1}. We denote
by the same letter γ the element of π1(H) ∼= ΓĈ and a representative loop S = ∂D0 → H
where the coordinate z determines the parametrization of S. We realize the H-bundle
Pγ by one obtained from P by cutting and gluing method as in the introductory part of
the section 4.4. That is, denoting the restriction s0|S by s, Pγ is obtained by attaching
D0×H to P −P |D◦0 under the identification s′0(θ) = s(θ)γ(θ), where s′0 is a trivialization
of D0 ×H .
We compare the left and right hand sides of (4.0.1) in their integral expressions (4.2.22).
Let V be an open coordinatized subset in N ◦P,x with a holomorphic family {(Av, fv)}v∈V
of representatives. We may take Av to be flat on U0 in such a way that s0 is horizontal
dAvs0 = 0, and also we may take the flag fv in such a way that s0 is admissible fv =
s0(x)B. We choose a family of holomorphic trivialisations σ∞(v) on Σ −D◦0 so that the
family of transition functions h∞0(v) relating s0 and σ∞(v) depends holomorphically on
v,
∂
∂v¯A
h∞0(v) = 0.
For each such family, we construct another family {(A′v, f ′v)} of connections and flags
at x for the H-bundle Pγ :
A′v|D0 = Aγ ,
A′v|Σ−D◦0 = Av|Σ−D◦0 ,
and f ′v = s
′
0(x)B. (4.5.2)
The middle equation should be understood under the identification Pγ|Σ−D◦0 = P |Σ−D◦0 .
Aγ in the first equation is the basic gauge field corresponding to γ with respect to the frame
s′0. Since the frame s on S is related to s
′
0 by s
′
0 = sγ, it extends to a section denoted also
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by s on a neighborhood of S which is horizontal with repect to the connection A′v = Aγ.
Hence, we see that A′v determines a smooth connection of Pγ. If we choose a holomorphic
secton σ′0 of (PγC, ∂¯A′v)|U0 such that σ′0(x) = s′0(x), then, it is admissible and satisfies
σ′0(z) = s(z)hγ(z) where hγ is a holomorphic extension of γ up to multiplication by an
element of TC. This shows that the holomorphic bundle (PγC, ∂¯A′v) with flag structure f
′
v
is obtained by the γ-surgery of (∂¯Av , fv). If we assume that the conjecture made in section
4.4 holds true, (∂¯A′v , f
′
v) represents a class in N ◦Pγ,x and we may consider the coordinates
v1, · · · , vdNf of V as coordinates of the open subset Vγx of N ◦Pγ,x.
Note that the holomorphic section σ∞(v) determines a holomorphic section σ
′
∞(v) of
(PγC, ∂¯A′v)|Σ−D◦0 by σ′∞(v) = σ∞(v) under the identification Pγ|Σ−D◦0 = P |Σ−D◦0 . Then, it
is related to σ′0 by the transition relation
σ′0 = σ
′
∞(v)h
′
∞0(v) ; h
′
∞0(v, z) = h∞0(v, z)hγ(z) , (4.5.3)
where the transition function h′∞0(v) also depends holomorphically on v
A.
The form ΩMΣ,P,x(g ; O γO) for the integral expression of the right hand side of (4.0.1)
is given by (4.2.21) on V where O should be replaced by γO and νA(v) is given in (4.2.17)
with σ0(v) = s0. We may as well assume here that the residual gauge-fixing function
Fv(h) is independent of the behavior of h|D0 , that is, Fv(h1) = Fv(h2) if h1 = h2 on
Σ −D0. Also we may assume that the contour integrals of the b and b¯-fields are placed
in U0 −D0 so that there are no field insertion in D0 other than γO(fv).
Recalling the definition of the action of π1(H) on flag partners, we have the following
relation of the wave functions :
Z
tot(s0)
D0 (Av|D0; γO(fv)) = Ztot(s)D0 (Aγ ; O(f ′v)) . (4.5.4)
Introducing a family {F ′v} of residual gauge-fixing functions for the family of symmetry
groups Aut(∂¯A′v , f
′
v) by F
′
v(h
′) = Fv(h) if h
′|Σ−D◦0 = h|Σ−D◦0 , we see from the above relation
(4.5.4) that the measure ΩMΣ,P,x(O γO) is expressed on V as
ΩMΣ,P,x( g ;O γO)v (4.5.5)
=
dNf∏
A=1
d2vA ZtotΣ,P γ
(
g, A′v ; δ
(
F ′v(h)
)dSf∏
i=1
F ′
i
v,h(c)F¯
′i
v,h(c¯)
dNf∏
A=1
O
∫
x
b ν ′
A
(v)O
∫
x
b¯ ν¯ ′
A
(v) O˜O(f ′v)
)
.
The section ν ′
A
(v) in this expression is given by
ν ′A(v) = s · h∞0(v)−1
∂
∂vA
h∞0(v) = σ
′
0 · h′∞0(v)−1
∂
∂vA
h′∞0(v) . (4.5.6)
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Hence we see that the form ΩMΣ,P,x(O γO) on V is identical to the form ΩMΣ,P γ,x(OO) on
Vγx under the (conjectured) identification N ◦P,x γx−→ N ◦Pγ,x. Repeating the same thing on
other open subsets, we see that the forms on N ◦P,x and on N ◦Pγ,x are identical to each other
under the same identification. Hence we have the following relation leading to the field
identification : ∫
N ◦
P,x
ΩMΣ,P,x(g ; O γO) =
∫
N ◦
Pγ,x
ΩMΣ,P γ,x(g ; OO) . (4.5.7)
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CHAPTER 5. SAMPLE CALCULATIONS
In the final chapter, we calculate the partition functions of the gauged WZW
models on the torus for several choices of target and gauge groups. Calculations for the
topologically trivial bundles are essentially done in the ref. [16]. Here, we take good care
of the overall normalization which has not explicitly been done in that reference. The
resulting partition function is physically satisfactory in view of the field identification
if there is no pair of weights fixed by the spectral flows (no field identification fixed
point), and is problematical if there are. Aiming at the resolution of the latter problem,
a topologically non-trivial bundle is shown to give possibly non-zero contribution if there
are identification fixed points. As the simplest nontrivial example, we attempt to calculate
the full torus partition function of the level (k1, 2) WZW model with the target group
G = SU(2)×SU(2) coupled to the SO(3) gauge fields where the gauge group SO(3) acts
on the target by h : (g1, g2) 7→ (hg1h−1, hg2h−1). When the level k1 is an even integer, the
topologically non-trivial bundle contributes as a constant term which may be interpreted
as a ‘half’ of the Ramond ground state.
5.1 Differential Equations for
Partition and Correlation Functions of WZW Model on Torus
The Sugawara construction of the energy momentum tensor of the group G
WZW model leads with the aid of Ward identities to a system of differential equations for
the correlation functions with respect to the modular parameters of the Riemann surfaces
and the holomorphic GC/ZG-bundles. We derive some of them for the partition and one
point functions on the torus Σ = { (x, y) ∈ R2}/Z2. We denote by gτ the flat metric on
Σ given by gτ = dζdζ¯ + dζ¯dζ where ζ = x + τy is a complex coordinate of the Riemann
surface Στ = C/Z+ τZ.
Ward Identities — Topologically Trivial Case
We first take closer look at the Ward identities (2.1.5) and (2.1.6) for P a topologically
trivial G/ZG-bundle Σ × G/ZG over the torus where G is a compact connected simply
connected Lie group and ZG denote its center. Since semi-stable orbits are relevant in
the consideration of gauge theories, we take as the background gauge fields the following
kind of flat connections
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Au =
π
τ2
udζ¯ − π
τ2
u¯dζ , (5.1.1)
parametrized by u belonging to the complexified Lie algebra Lie(T )C of the maximal
torus. We shall rewrite the identities (2.1.5) and (2.1.6) in the forms that do not involve
the integration over the surface Σ. To avoid the doubling of the description, we only look
at the left movers, that is, we write the Ward identities for insertions of the left current
J = Jζdζ .
The basic tool in the reformulation is the Green function for the Cauchy-Riemann
operator ∂¯Au acting on sections of the adjoint bundle adPC = Στ × Lie(G)C. For the
description, we introduce the multi-valued section σ of PC given by σ(z) = (ζ, e
π
τ2
u(ζ−ζ¯)
)
where z = e−2πiζ . It is holomorphic with respect to the connection Au and satisfies
σ(zq) = σ(z)g ; g = e−2πiu . (5.1.2)
Now, we put
Gw(z) = σad(w)⊗ dz
∑
n∈Z
(w − 1)qnadgn
(z − qn)(z − qnw)σad(z)
−1 (5.1.3)
Gz
′
•(z) = σad(z
′)⊗ dz ∑
n∈Z
(qn−1 − qn)adgn
(z − qn)(z − qn−1)σad(z)
−1 (5.1.4)
where σad (resp. σ
−1
ad ) is the multi-valued holomorphic frame of the adjoint bundle adPC
(resp. coadjoint bundle (adPC)
∗) determined by the multi-valued section σ of PC. The
maps Gw : z 7→ Gw(z) and Gz′• : z 7→ Gz′•(z) are meromorphic single-valued sections of
(adPC)w⊗K⊗(adPC)∗ and of (adPC)z′⊗K⊗(adPC)∗ with the following singularities :
Gw(z) ∼ σad(w)⊗ dz
z − wσad(z)
−1 as z → w , (5.1.5)
∼ σad(w)⊗ −dz
z − 1σad(z)
−1 as z → 1 , (5.1.6)
Gz
′
•(z) ∼ σad(z′)⊗
dz
z − 1(adg − 1)σad(z)
−1 as z → 1 . (5.1.7)
The Ward identities (2.1.5) and (2.1.6) with the s-point insertions O = ∏sl=1O(xl) are
then equivalent to the following equations
Z(Jǫ(z)O) =
s∑
l=1
Z(Jl(Gxlǫ(z))O)− Z(O
∫
C′
JGz
′
•ǫ(z)O) , (5.1.8)
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Z(Jǫ1(z)Jǫ2(w)O) = k
{
tr
P
(
ǫ2(w)∂
(w)
Au Gwǫ1(z)
)
− O
∫
C′
tr
P
(
∂
(z′)
Au Gz′ǫ2(w)G
z′
•ǫ1(z)
)}
Z(O)
+
s∑
l=1
Z
(
Jl(Gxl[Gwǫ1(z), ǫ2(w)]− O
∫
C′
Gxl[Gz′ǫ2(w), G
z′
•ǫ1(z)])O
)
+
s∑
l,l′=1
Z
(
Jl(Gxlǫ1(z))Jl′(Gxl′ ǫ2(w))O
)
+ Z
(
O
∫
C′
J
{
−Gz′• [Gwǫ1(z), ǫ2(w)] + O
∫
C′′
Gz
′
• [Gz′′ǫ2(w), G
z′′
•ǫ1(z)]
}
O )
−
s∑
l=1
Z
(
O
∫
C′
JGz
′
•ǫ1(z)Jl(Gxlǫ2(w))O + O
∫
C′
JGz
′
•ǫ2(w)Jl(Gxlǫ1(z))O
)
− Z
(
O
∫
C′
JGz
′
•ǫ1(z)O
∫
C′′
JGz
′′
•ǫ2(w)O
)
, (5.1.9)
where ǫ, ǫ1 and ǫ2 are local holomorphic sections of the adjoint bundle (adPC, ∂¯Au) and
Jl(ǫ(xl))O denotes O(x1) · ·J(ǫ)O(xl) · ·O(xs) (read the explanation below the eq. (2.1.6)
for the definition of J(ǫ)O). The contour C ′ or C ′′ in the above expressions is given by
t ∈ [0, 1] 7→ C ′(t) = reit ∈ C∗ where we assume the inequality 1 < r < |q−1|. In the last
term of the right hand side of (5.1.9), C ′′ is slightly ‘smaller’ than C ′, that is, |z′′| < |z′|.
The Differential Equations — Topologically Trivial Case
Making use of the above Ward identities (5.1.8) and (5.1.9), we derive from the Sug-
awara construction (2.1.16) (see also (2.1.15)) the differential equations in terms of the
modular parameters τ and u satisfied by the partition and one point functions. This is
essentially a review of the work of D. Bernard [3].
We denote by Z(O) the one point function ZG,kΣ,triv.(gτ , Au ; O(x)) under consideration.
If we put O = 1, Z(1) is the partition function. We first note the identification of the
derivatives ∂
∂ui
Z, ∂
2
∂ui∂uj
Z and ∂
∂τ
Z with the contour integrals of the current and the energy
momentum tensor along the cycle C given above :
Z(
∮
C
JσδuO) = δuZ(O) , (5.1.10)
Z(
∮
C
Jσδ1u
∮
C′
Jσδ2uO) = δ1uδ2uZ(O)−
π
τ2
k tr(δ1uδ2u)Z(O) , (5.1.11)
Z(
∮
C
dzzTzzO) =
(
∂
∂τ
− φi ∂
∂ui
)
Z(O) , (5.1.12)
which are the consequence of the definition (1.1.4) of J and T with the aid of the Ward
identities. φi in the equation (5.1.12) is one of the ‘real coordinates’ ψ and φ belonging
to iLie(T ) related to u by u = ψ− τφ. For each root α of G, we also have from the Ward
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identities
Z(O
∫
C
JσαO) =
1
1− e−2πiα(u)Z(J(σα)O) , (5.1.13)
Z(O
∫
C′
JσαO
∫
C′′
Jσ−αO) =
1
1− e−2πiα(u)Z
(
α(φ)ktr
P
(σασ−α)(x)O +
1
2πi
J([σα, σ−α])O
+
1
1− e2πiα(u)J(σα)J(σ−α)O
)
, (5.1.14)
where σα denotes the multivalued section σα = σad · eα of adPC in which eα ∈ Lie(G) is a
root vector.
With the aid of the Ward identities (5.1.8) and (5.1.9) and of the relations (5.1.10)
∼ (5.1.14), the Sugawara construction (2.1.16) of the energy momentum tensor leads to
a differential equations for Z(O). To write it in a simple looking form, we introduce the
normalized function Z˜(τ, u|O) given by
Z(gτ , Au ; O(x)) = e
π
2τ2
ktr(u−u¯)2 Z˜(τ, u|O)
|Π(τ, u)|2 , (5.1.15)
where Π(τ, u) is the Weyl-Kac denominator defined by
Π(τ, u) = q
dimG
24
∏
α∈∆+
(eπiα(u) − e−πiα(u))
∞∏
n=1
{
(1− qn)l ∏
α∈∆
(1− qne−2πiα(u))
}
. (5.1.16)
We also introduce the symbols δτ =
1
2πi
∂
∂τ
, Dj =
1
2πi
∂
∂uj
and tα = e
−2πiα(u). Then, the
differential equation is written as{
δτ − η
ij
2(k + g∨)
DiDj
}
Z˜(τ, u|O) (5.1.17)
=
−1
2(k + g∨)
∑
α∈∆
(
tα
(1− tα)2 +
∞∑
n=1
nqn
1− qn (t
n
α + t
n
−α)
)
Z˜(τ, u|J(σα)J(σ−α)O) .
Note that the Weyl-Kac denominator Π(τ, u) satisfies the similar differential equation{
δτ − η
ij
2g∨
DiDj
}
Π(τ, u) = 0. (5.1.18)
The Differential Equations — Topologically Non-Trivial Case
We next consider the partition function of the WZW model corresponding to topologi-
cally non-trivial configurations. For simplicity and concreteness, we restrict our attention
to the SU(2) WZW model coupled to external SO(3) gauge field of the non-trivial SO(3)-
bundle. Since the semi-stable orbit is relevant in the consideration of gauge theories, we
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assume that the background gauge field is the flat connection AF with the holonomies
represented by the matrices a˜ and b˜ given in (3.1.19).
We first rewrite the Ward identities (2.1.5) and (2.1.6) in the forms that do not in-
volve the integration over the surface Σ. The basic tool is the Green function of the
Cauchy-Riemann operator ∂¯AF : Ω
0(Σ, adPC) → Ω0,1(Σ, adPC). Using the multi-valued
holomorphic section σ(z) = σ
(1)
F (z) which satisfies the relation (4.3.8), the Green function
is expressed as Gw(z) = σad(w)⊗dzg(w, z)σad(z)−1 where g(w, z) is the End(g)-valued
function having the following representation matrix with respect to the base σ+, σ0 and
σ− :
g(w, z) =

∑ qn
z−q2nw 0 −
∑ z−1qn− 12
z−q2n−1w
0 f(w, z) 0
−∑ wqn−12
z−q2n−1w 0
∑ wz−1qn
z−q2nw
 , (5.1.19)
where the sums
∑
n in the four entries are over all integers and f(w, z) is given by
f(w, z) =
1
z − w
z + w
2z
∞∏
n=1

(
1 + qnw
z
1 + qn
)(
1 + qn z
w
1 + qn
)(
1− qn w
z
1− qn
)−1(
1− qn z
w
1− qn
)−1 . (5.1.20)
The Ward identities (2.1.5) and (2.1.6) are equivalent to the following equations
Z(Jǫ(z)O) =
s∑
l=1
Z(Jl(Gxlǫ(z))O) , (5.1.21)
Z(Jǫ1(z)Jǫ2(w)O) = ktrP
(
∂
(w)
AF
Gwǫ1(z)ǫ2(w)
)
Z(O)
+
s∑
l=1
Z(Jl(Gxl[Gwǫ1(z), ǫ2(w)])O)
+
s∑
l,l′=1
Z(Jl(Gxlǫ1(z))Jl′(Gxl′ ǫ2(w))O) , (5.1.22)
where ǫ, ǫ1 and ǫ2 are local holomorphic sections of adPC.
With the aid of these identities, we have the following consequence of the Sugawara
construction (2.1.16) of the energy momentum tensor :
∂
∂τ
ZΣ,P (gτ , AF ) = 0 . (5.1.23)
That is, the partition function ZΣ,P (gτ , AF ) for the non-trivial SO(3) bundle P is a
constant (independent of the modular parameter τ).
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5.2 Torus Partition Function for the Trivial Principal Bundle
We calculate the torus partition function of the gauged WZW model with the
compact connected simply connected target group G and the the gauge group H which is
a connected subgroup of the adjoint group G/ZG of G. In this section, we only consider
topologically trivial configurations. This is essentially a review of the work of Gawe¸dzki
and Kupiainen [16] which deals with the case in which the gauge group H¯ is a subgroup
of the target group G. However, if the center ZG has non-trivial intersection with H¯ , the
gauge transformation group for H = H¯/(H¯ ∩ ZG) is different from that for H¯ and there
arises a difference in the normalization of the partition function.
For simplicity, we assume that H is also semi-simple. Since two different groups G
and H are considered at the same time, we shall put indices ‘G’ and ‘H ’ on suitable
places — P∨G, trH , ∆+(H), etc. We choose the maximal tori TG and TH of G and H in
such a way that TH is a subgroup of TG/ZG. In this section, we denote by P
∨
H the kernel
of the exponential map iLie(TH) → TH given by v 7→ e2πiv though it may be possible
that P∨H is not the dual lattice of the root lattice QH . For each level k of the G-WZW
model which is a multiple of integers (k1, · · · , kM) (kj is the level for the j-th simple
factor Gj of G), we denote by k˜ = (k˜1, · · · , k˜N) the corresponding level for H defined by
k˜tr
H
(v1v2) = ktrG(ıv1ıv2) for v1, v2 ∈ Lie(H) where ı is the embedding map of Lie(H) to
Lie(G) (see eq. (3.3.4)).28
The Partition Function of the WZW Model with Target G
Let us denote simply by ZG,k(τ, u) the partition function ZG,kΣ,triv(gτ , Au) of the level k ∈
N target G WZW model for the trivial G/ZG-bundle on the torus where gτ is the metric
introduced in the preceding section and Au is the flat gauge field (5.1.1) parametrized by
u ∈ Lie(TG)C. It satisfies the following conditions :
(gauge invariance) ZG,k(τ, wu+ n+ τm) = ZG,k(τ, u), w ∈ WG, n,m ∈ P∨G, (5.2.1)
(modular invariance) ZG,k
(−b+ aτ
d− cτ ,
u
d− cτ
)
= ZG,k(τ, u),
(
a b
c d
)
∈ SL(2,Z),(5.2.2)
(heat equation)
{
δτ − η
ij
2(k + g∨)
DiDj
}
Z˜G,k(τ, u) = 0, (5.2.3)
(reality) ZG,k(τ, u)∗ = ZG,k(τ, u) . (5.2.4)
28The symbol ktr
G
should be understood as the normalized trace such that ktr
G
(XY ) = kjtrGj (XY )
if X,Y ∈ Lie(Gj) and ktrG(XY ) = 0 if X and Y belong to different simple factors.
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where Z˜G,k(τ, u) is given by e
− π
2τ2
ktr
G
(u−u¯)2
ZG,k(τ, u)|ΠG(τ, u)|2. The first is the conse-
quence of the invariance under the gauge transformation by h = n−1w e
2πi(mx−ny). The
second is the consequence of the diffeomorphism invariance. The third comes from the
Sugawara construction as we have seen in the preceding section. The final is required
because of the identity I(A, g)∗ = I(A, g−1) satisfied by the classical action and the Haar
property of the measure for the functional integration.
The solution of the heat equation together with the requirement of the invariance
under (Q∨G + τQ
∨
G)×˜WG is given by [3]
ZG,k(τ, u) = e
π
2τ2
ktr
G
(u−u¯)2 ∑
Λ,Λ¯∈P
(k)
+ (G)
NΛ¯,Λχ
G
(Λ,k)(τ, u)χ
G
(Λ¯,k)
(τ, u) , (5.2.5)
where χG(Λ,k) is the character of the irreducible highest representation L(Λ,k) of the loop
group L˜G :
χG(Λ,k)(τ, u) = trL(Λ,k)(q
L0e2πiJ0(u)) . (5.2.6)
In the above expression, L0 corresponds to the zero mode (with respect to z) of the
energy momentum tensor derived by the variation of the metric gτ .
29 Since we have
χG(Λ,k)(τ, u + n) = e
2πiΛ(n)χG(Λ,k)(τ, u) for n ∈ P∨G, NΛ¯,Λ = 0 unless Λ¯ − Λ ∈ QG. Recall
that for each γ = e−iµθw ∈ ΓG
Ĉ
, the spectral flow h˜γ transforms the space L(Λ,k)⊗L(Λ,k) to
the space L(γΛ,k)⊗L(γΛ,k) where γΛ ∈ P(k)+ (G) is given by γΛ = wΛ+ k trµ. With the aid
of the transformation rule (2.4.12) and (2.4.13), this shows the following relation :
χG(γΛ,k)(τ, u) = q
k
2
tr
G
µ2e2πiktrG (µu)χG(Λ,k)(τ, w
−1u+ τw−1µ) . (5.2.7)
Then, the gauge invariance requires NγΛ¯,γΛ = NΛ¯,Λ. Finally, the modular invariance
requires
∑
Λ¯′,Λ′ S
G
Λ¯′,Λ¯NΛ¯′,Λ′S
G
Λ′,Λ = NΛ¯,Λ where
(
SGΛ′,Λ
)
is the matrix representing the trans-
formation of characters under (τ, u) 7→ (− 1
τ
, u
τ
). It is given by [22]
SGΛ′,Λ = i
|∆+(G)|
∣∣∣PG/(k + g∨) trQ∨G∣∣∣− 12 ∑
w∈WG
(−1)l(w)e− 2πik+g∨ (Λ′+ρG ,w(Λ+ρG )). (5.2.8)
Among several solutions, it seems natural to take the following as the solution in our case
of simply connected target group G :
NΛ¯,Λ = δΛ¯,Λ . (5.2.9)
29In the conventional notation, this one should be denoted by L0 − cG,k24 so that the highest weight
vector has the L0-eigenvalue ∆Λ =
(Λ,Λ+2ρ)
2(k+g∨) .
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The Partition Function of the HC/H-WZW Model
As we shall see, to calculate the partition function of the gauged WZW model, we
need to know the following partition function of the level −kc = −k˜ − 2h∨ WZW model
with the target HC/H for generic value of u ∈ Lie(TH)C :
Z−k˜−2h
∨
(τ, u) = Z
Hc/H,−k˜−2h∨
Σ,triv.
(
gτ , Au ;
δ(l)(ϕ(x0))
volTH
)
. (5.2.10)
where x0 is any base point and l is the rank of H . ϕ in the above expression is a field
valued in iLie(TH) induced by the Iwasawa decomposition h = n+e
ϕ
2U of the field h where
n+ is valued in N
+
0 (H), ϕ is valued in iLie(TH) and U is valued in H .
The integration over the fields n+ with the weight e
kcIH˜ (Au,hh∗) where hh∗ is expressed
as n+e
ϕn∗+ is known [16] to serve the following factor
e−
i
4π
(k˜+h∨)
∫
Σ
tr
H
∂ϕ∂¯ϕ
∏
α∈∆+(H)
det
(
∂¯
†
α(u)∂¯α(u)
)−1
, (5.2.11)
where ∂¯α(u) is the Cauchy-Riemann operator dζ¯
(
∂
∂ζ¯
+ π
τ2
α(u)
)
: Ω0(Στ ) → Ω0,1(Στ ). The
determinants in the above expression can be defined with the use of the zeta function
regularization.30 Now we are left with the following path-integral :
Z−k˜−2h
∨
(τ, u) =
∏
α>0
det
(
∂¯
†
α(u)∂¯α(u)
)−1∫ Dϕe− i4π (k˜+h∨)∫ trH ∂ϕ∂¯ϕ δ(l)(ϕ(x0))
volTH
(5.2.12)
=
(2(k˜ + h∨))
l
2
(2π)lvolTH
τ2
l
2
(
det′∂¯†∂¯
)− l
2 ∏
α>0
det
(
∂¯
†
α(u)∂¯α(u)
)−1
, (5.2.13)
where we have used the fact that det′(etD†D) = eζD(0)t det′(D†D) for a Laplace operator
D†D and that ζD(0) = −1 for D = ∂¯ and ζD(0) = 0 for D = ∂¯α(u) with α(u) ≡/ 0 (see [4]).
The determinants in the expression above have been calculated by Ray and Singer [34].
Using their result, we have
Z−k˜−2h
∨
(τ, u) =
(2(k˜ + h∨))
l
2
(4π)lvolTH
τ2
− l
2 e
− π
2τ2
h∨tr
H
(u−u¯)2 |ΠH(τ, u)|−2 . (5.2.14)
It is easy to see that Z˜−k˜−2h
∨
(τ, u) = e
− π
2τ2
(−k˜−2h∨)tr
H
(u−u¯)2
Z−k˜−2h
∨
(τ, u)|ΠH(τ, u)|2 satisfies
the heat equation {
δτ − η
ij
2(−k˜ − 2h∨ + h∨)DiDj
}
Z˜−k˜−2h
∨
(τ, u) = 0 . (5.2.15)
30For a certain Laplace operatorD†D on a compact space, the corresponding zeta function ζD is defined
by ζD(s) =
∑
λ>0mλλ
−s where the sum runs over the (discrete) set of positive eigenvalues of D†D and
mλ denotes the dimension of Ker(D
†D−λ). The determinant of D†D is defined by det′(D†D) = e−ζ′D(0).
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This is not surprising because, to derive the equation (5.1.17), we have used only the
Ward identities and the Sugawara construction which we expect to hold also for the
HC/H-WZW model (see (3.3.13) and (3.3.17)). We can also see that Z
−k˜−2h∨(τ, u) is
invariant under the gauge transformations (P∨H + τP
∨
H)×˜WH .
The Partition Function of the Gauged WZW Model
Now let us calculate the partition function of the gauged WZW model with the target
group G and the gauge group H ⊂ G/ZG. We use the method developed in Chapter 3.
The symmetry group Su = Aut∂¯Au is the cylinder (TH)C for any u which satisfies α(u) 6≡ 0
for any root α of H . Since TH ⊂ (TH)C is compact, half of the symmetry Su serves the
non-divergent factor volTH . Hence, as the residual gauge-fixing term δ
(2l) (Fu(h)), we may
take the following
1
volTH
δ(l)(ϕ(x0)) , (5.2.16)
which we have considered in advance. Consequently, we have the following expression for
the partition function Ztriv(τ) = ZΣ,triv(gτ ) :
Ztriv(τ) =
∫
N ◦
H
l∏
j=1
d2uj ZG,k(τ, ıu)Z−k˜−2h
∨
(τ, u)Zgh(τ, u) , (5.2.17)
where the contribution of the adjoint ghost system is given by
Zgh(τ, u) = Zgh
(
gτ , Au ;
l∏
i=1
ci(x0)c¯
i(x0)
l∏
j=1
i
2π
∫
Σ
b
∂A′′u
∂uj
i
2π
∫
Σ
b¯
∂A′u
∂u¯j
)
(5.2.18)
=
(
π
τ2
)2l
det′Ω0(adPc)
(
∂¯
†
Au ∂¯Au
)
= (2π)2le
π
2τ2
2h∨tr
H
(u−u¯)2 |ΠH(τ, u)|4 .(5.2.19)
According to the branching rule (4.1.8) of the representation L(Λ,k) of L˜gC with respect
to the subalgebra L˜hC, we have the following expansion of the character χG(Λ,k)(τ, ıu) for
the integrable weight Λ ∈ P(k)+ (G) in terms of the characters of the irreducible represen-
tations of L˜hC :
χG(Λ,k)(τ, ıu) =
∑
λ∈P
(k˜)
+ (H)
bΛ,λ(τ)χH(λ,k˜)(τ, u) . (5.2.20)
bΛ,λ in the above expression is called the branching function. If L
G
n denote the operators
on L(Λ,k) corresponding to the mode expansion of the energy momentum tensor, they are
expressed essentially as bilinear forms of the generators of J(L˜gC) (see eq. (2.3.8)). If we
apply such algebraic construction to the sub-generators J(L˜hC) and denote the result by
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LHn , the differences L
G
n −LHn denoted by LG:Hn generate a Virasoro algebra [19] which acts
on the subspace LΛ,λ. The branching function is then expressed as the character
bΛ,λ(τ) = trLΛ,λ
(
qL
G:H
0
)
. (5.2.21)
The generators LG:Hn are invariant under the spectral flow h˜γ representing an element γ of
the affine Weyl group Waff(H) of LH (see eq. (2.4.12)). If γ is an element of the isotropy
subgroup Γ
Ĉ
(H) at the alcoˆve ĈH , the spectral flow h˜γ maps the subspace LΛ,λ ⊗ LΛ,λ
to another subspace LγGΛ,γλ ⊗ LγGΛ,γλ where γGΛ and γλ are given in (2.4.9). Here, γG
denotes an element of Γ
Ĉ
(G) that is equivalent to γ moduloWaff(G) where γ is considered
as an element of Waff(G/ZG). The commutativity of L
G:H
0 and h˜γ shows that
bγGΛ,γλ(τ) = bΛ,λ(τ) . (5.2.22)
Combining the equations (5.2.5), (5.2.9), (5.2.20), (5.2.14) and (5.2.19), we can rewrite
the expression (5.2.17) as
Ztriv(τ) =
(
2π2(k˜ + h∨)
τ2
)l
2 1
volTH
∫
N ◦H
l∏
j=1
d2uj e
π
2τ2
(k˜+h∨)tr
H
(u−u¯)2
(5.2.23)
× ∑
Λ∈P
(k)
+ (G)
λ,λ¯∈P
(k˜)
+ (H)
bΛ,λ(τ)bΛ,λ¯(τ)χ
H
(λ,k˜)
(τ, u)χH
(λ¯,k˜)
(τ, u)|ΠH(τ, u)|2.
The equation (5.2.22) together with the identity (5.2.7) applied to the characters χH
(λ,k˜)
shows that the integrand of (5.2.23) is indeed a well-defined measure on the moduli space
NH = Lie(TH)C/(P∨H + τP∨H)×˜WH of semi-stable topologically trivial HC-bundles. Since
the moduli space is the quotient of NH˜ = Lie(TH)C/(Q∨H + τQ∨H)×˜WH by (P∨H/Q∨H)2, the
integral in the expression (5.2.23) may be replaced by
1
|P∨H/Q∨H |2
∫
NH˜
l∏
j=1
d2uj · · · (5.2.24)
where H˜ is the simply connected covering group of H . If we use now the orthogonality
relation of the characters which is proved in Appendix 3, we have the following expression
Ztriv(τ) =
(2π)lvol(iLie(TH)/Q
∨
H)
|P∨H/Q∨H |2volTH
∑
Λ∈P
(k)
+ (G)
λ∈P
(k˜)
+ (H)
| bΛ,λ(τ)|2 (5.2.25)
=
1
|π1(H)|
∑
Λ∈P
(k)
+ (G)
λ∈P
(k˜)
+ (H)
| bΛ,λ(τ)|2 , (5.2.26)
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where, in proceeding to the right hand side, we have used the relations P∨H/Q
∨
H
∼= π1(H)
and volTH = (2π)
lvol(iLie(TH)/P
∨
H).
In view of the equation (5.2.22), Ztriv(τ) can be seen to be written as
Ztriv(τ) =
∑
Λ,λ
∼ 1
|SΛ.λ| | bΛ,λ(τ)|
2 , (5.2.27)
where the sum
∑∼
Λ,λ is over the quotient
(
P
(k)
+ (G)×P(k˜)+ (H)
)
/Γ
Ĉ
(H) and SΛ,λ is the
isotropy subgroup of Γ
Ĉ
(H) at (Λ, λ).
In particular, if the action of Γ
Ĉ
(H) on the set P
(k)
+ (G)×P(k˜)+ (H) is free, the partition
function for the trivial H-bundle is given by
Ztriv(τ) = trH/∼
(
qL
G:H
0 q¯L
G:H
0
)
, (5.2.28)
where H/ ∼ is the space of states corresponding to the gauge invariant fields in which
only one state is contained among the states related by the spectral flows Γ
Ĉ
(H). As
we shall see in the following section, in such free case, there is no contribution from
the topologically non-trivial H-bundles and hence, the above Ztriv(τ) is the full partition
function.
If the action of Γ
Ĉ
(H) is not free, the coefficients of some terms in the qq¯ expansion of
Ztriv(τ) may be fractional and the physical interpretation such as (5.2.28) is impossible.
In the following section, by choosing simplest examples, we argue that such problem
may be resolved by taking into accout the contribution of topologically non-trivial H-
bundles. This seems to provide a geometric method for the ‘fixed point resolution’ in
coset conformal field theories [25], [35].
5.3 Torus Partition Functions for Non-Trivial Principal Bundles
In this section, we consider the torus partition functions of the gauged WZW
models for topologically non-trivial configurations. First, using the field identification and
the fusion rule, we give a criterion for the non-vanishing of such partition functions. A
simplest non-trivial example is seen to be provided by the level (k1, k2) SU(2) × SU(2)
WZW model (k1, k2 ∈ 2N) coupled to SO(3) gauge fields. The calculation of the partition
function for the non-trivial SO(3) bundle is attempted in three different methods — (i)
With the use of the differential equation for the partition functions of the constituent field
theories for the non-trivial SO(3)-bundle, (ii) With the use of the differential equations for
104
the one point functions for the trivial SO(3)-bundle, (iii) Direct evaluation of the HC/H-
sector integration of the one point function for the trivial SO(3)-bundle. The latter two
methods use the field identification.
A Criterion for the Non-Vanishing of the Partition Function
—— Field Identification Fixed Points
Let G be a compact connected and simply connected Lie group and let H be a closed
subgroup of the adjoint group. We give a criterion for the non-vanishing of the torus
partition function of the group G WZW model coupled to the gauge field of the non-
trivial H-bundles. For simplicity, we only consider the case in which H is semi-simple,
though the result also applies to general compact Lie groups including such groups that
contain U(1)-factors.
By the field identification (4.0.1), for each γ ∈ π1(H), the partition function for the
H-bundle Pγ = Ptrivγ coincides with the one point function for the trivial H-bundle Ptriv
with the insertion of γ(1) at any point in Σ. Since the identity field 1 corresponds to
the state belonging to the subspace L0,0 ⊗ L0,0 labeled by the pair of weights (0, 0) ∈
P
(k)
+ (G)×P(k˜)+ (H), the gauge invariant field γ(1) corresponds to the state Φγ(1) belonging
to the subspace LγG0,γ0 ⊗ LγG0,γ0 labeled by the pair (γG0, γ0) ∈ P(k)+ (G)×P(k˜)+ (H). Let
Vγ0 denote the finite dimensional irreducible H˜-module with the highest weight γ0.
We denote by (OGγ(1)) the End(Vγ0)-valued field of the group G WZW model corre-
sponding to the vacuum representation of the space of the J(L˜hC)× J¯(L˜hC)-descendants
of Φγ(1). Then, for the non-vanishing of the partition function for the H-bundle Pγ, the
End(Vγ0)-valued one point function
ZG,kΣ,triv( gτ , AH ; (O
G
γ(1))) (5.3.1)
of the level k groupGWZWmodel must be non-vanishing for generic value of theH-gauge
field AH . Since the entries (O
G
γ(1))
m¯
m are theG-current descendants of the End(VγG0)-valued
field (OγG0) corresponding to the vacuum subspace of L(γG0,k) ⊗ L(γG0,k), the one point
function
ZG,kΣ,triv( gτ , AG ; (OγG0)) (5.3.2)
must also be non-vanishing for generic value of the G-gauge field AG.
Let us introduce the normalized one point function
(
ZGγ(1)
)
by
ZG,kΣ,triv( gτ , A ; (O
G
γ(1))) = e
ik˜
2π
∫
Σ
tr
H
A′A′′
(
ZGγ(1)(A
′, A′′)
)
, (5.3.3)
where A′ = Azdz and A
′′ = Az¯dz¯ are the (1, 0) and the (0, 1) components of the H-gauge
field A. Recall that h−1A′′h + h−1∂¯h and h∗A′h∗−1 + h∗∂h∗−1 are denoted by Ah
′′
and
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Ah
′
respectively. The important thing to notice is that the normalized one point function
satisfies(
ZGγ(1)(A
hR ′, AhL
′′
)
)
= ek˜I(A
′′,hL)+k˜I(A
′,hR)ρ(h∗R(x))
(
ZGγ(1)(A
′, A′′)
)
ρ(hL(x)) , (5.3.4)
where x is the insertion point and the representation of H˜ on the space Vγ0 is denoted by
ρ : H˜ → GL(Vγ0). The following space of V ∗γ0 valued holomorphic functions of A′′{
Ψ : Ω0,1(Σ, hC)→ V ∗γ0 ; Ψ(Ah′′) = ek˜I(A
′′,h)ρ(h(x))tΨ(A′′)
}
, (5.3.5)
is called the conformal block [14], [41], [10] and is known to be of dimension
∑
λ∈P
(k˜)
+ (H)
Nλγ0λ
where Nλ3λ1λ2 for λ1, λ2, λ3 ∈ P(k˜)+ (H) is the fusion coefficient given by [38]
Nλ3λ1λ2 =
∑
λ∈P
(k˜)
+ (H)
Sλ1,λSλ2,λS
∗
λ3,λ
S0,λ
, (5.3.6)
in which Sλ′,λ = S
H
λ′,λ is the matrix representing the transfomation under (τ, u) 7→ (−1τ , uτ )
of the characters of integrable representations of L˜hC at level k˜. Hence, for the non-
vanishing of the one point function given in (5.3.1), the weight γ0 must satisfy
∑
λ∈P
(k˜)
+ (H)
Nλγ0λ 6= 0 . (5.3.7)
By exactly the same argument, for the non-vanishing of (5.3.2), γG0 must satisfy∑
Λ∈P
(k)
+ (G)
NΛγ
G
0Λ 6= 0 , (5.3.8)
where NΛ3Λ1Λ2 is the fusion coefficient for the group G WZW model at level k.
We shall prove that the conditions (5.3.7), (5.3.8) for the non-vanishing of the parti-
tion function ZΣ,P γ(gτ ) are equivalent to the existence of the fixed points of the action of γ
on the set P
(k)
+ (G)×P(k˜)+ (H) given by γ : (Λ, λ) 7→ (γGΛ, γλ). Note that ρˆH = (0, ρH , h∨) is
invariant under the action of Γ
Ĉ
(H), which follows from the statement that an affine root
αˆ of H is positive if and only if (ρˆH , αˆ) > 0 with respect to the scalar product (A.2.4). Us-
ing this fact, we can see from the expression (5.2.8) that Sγλ′,λ = (−1)l(w)e−2πi(λ+ρH )(µ)Sλ′,λ
if γ is represented by a loop γ(θ) = e−iθµnw.
31 Putting such identity into the expression
(5.3.6), we obtain the relation
Nγ1γ2λ3γ1λ1γ2λ2 = N
λ3
λ1λ2
. (5.3.9)
31This was pointed out by D. Gepner [17].
106
Hence, the dimension of the conformal block is given by
∑
λ∈P
(k˜)
+ (H)
Nγ
−1λ
0λ = ♯
{
λ ∈ P(k˜)+ (H) ; γλ = λ
}
, (5.3.10)
where we have used the obvious identity Nλ
′
0λ = δ
λ′
λ . Doing the same thing for γG0 ∈
P
(k)
+ (G), we see that the above assertion holds.
Example —— SU(2)× SU(2) mod. SO(3) Gauged WZW Model
As the simplest non-trivial example with field identification fixed points, we consider
the following system with the gauge group SO(3). The gauged WZW model with the
target G = SU(2) × SU(2) on which the gauge group H = SO(3) acts by h : (g1, g2) 7→
(hg1h
−1, hg2h
−1). If the level k of the SU(2)×SU(2) WZW model is given by k = (k1, k2),
the corresponding number k˜ for H is k˜ = k1+k2. The action of the group ΓĈ(H) = Z2 of
spectral flows on the set P
(k1)
+ ×P(k2)+ ×P(k˜)+ is generated by (j1, j2, j3) 7→ (k12 −j1, k22 −j2, k˜2−
j3). Hence, if both k1 and k2 are even integers, there is a unique fixed point (
k1
4
, k2
4
, k˜
4
). In
this section, we shall attempt to calculate the torus partition function of the model with
even k1, k2 for the topologically non-trivial SO(3)-bundle P :
Znon−triv(τ) = ZΣ,P (gτ ) . (5.3.11)
We do it in three different ways.
(i) Using the Differential Equations
Since there is only one semi-stable bundle P(1)F whose automorphism group is the finite
group Z2×Z2 (see (4.3.13)) of order 4, we have the following expression for the partition
function
Znon−triv(τ) =
2∏
i=1
Z
SU(2),ki
Σ,P ( gτ , AF )Z
Hc/H,−k˜−4
Σ,P
(
gτ , AF ;
1
4
)
ZghΣ,P ( gτ , AF ) . (5.3.12)
For the partition function of the SU(2) WZW model, the differential equation (5.1.23)
says that
Z
SU(2),ki
Σ,P ( gτ , AF ) = a constant, for i = 1, 2. (5.3.13)
Since the proof uses only the Ward identities and the Sugawara construction of the
energy momentum tensor which we expect to hold also for the PSL(2,C)/PU(2) WZW
model, we also have
Z
Hc/H,−k˜−4
Σ,P ( gτ , AF ) = a constant. (5.3.14)
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In the course of the derivation of such differential equations, we have actually obtained
and used the following property of the Green function Gw(z) given in (5.1.19) :
lim
w→z
{
tr
P
(
∂
(w)
AF
Gwσa(z)η
abσb(w)
)
− 3(dz)
2
(z − w)2
}
=
(dz)2
2z2
. (5.3.15)
Since we have Zgh( gτ , AF ; c(w)b(z)) = Gw(z)Z
gh( gτ , AF ), we see from the above equation
that
ZghΣ,P
(
gτ , AF ; :b
σ
z (z)(∂z + A
σ
z )c
σ(z) :
)
=
1
2z2
ZghΣ,P ( gτ , AF ) . (5.3.16)
Then, putting this together with λ = 1, V = sl(2,C) and tr((Aσz )
2) = 1
8z2
into the
expression (1.4.6) of the energy momentum tensor, we have
ZghΣ,P ( gτ , AF ; Tzz) = 0 . (5.3.17)
Hence, we see that Znon−triv(τ) is independent of τ , that is, it is a constant.
(ii) Using the Differential Equations via the Field Identification
The second and the third methods use the field identification. The dressed gauge
invariant field for γ1(1) is given by
1
k˜ + 1
tr k˜
2
(
(hh∗)−1
k˜
2
[
(g1) k1
2
⊗ (g2) k2
2
]
k˜
2
)
, (5.3.18)
where trj is the trace in the spin j representation Vj of SL(2,C), (g)j denotes the repre-
sentation of g on Vj and [Aj1⊗Aj2 ]j3 denotes the endomorphism of the spin j3 component
with respect to the decomposition Vj1⊗Vj2 = ⊕jVj into irreducible representations. Using
these expressions, the relation (4.0.1) shows that
Znon−triv(τ) =
∫
NH
d2υ
2∏
i=1
Zkiki
2
(τ, υ) Z−k˜−4
k˜
2
(τ, υ)Zghυυ¯(τ, υ) , (5.3.19)
where Zkiki
2
(τ, υ) = Z
SU(2),ki
Σ,triv
(
gτ , Au ;
(
(g) ki
2
)0
0
)
, (5.3.20)
Z−k˜−4
k˜
2
(τ, υ) = Z
Hc/H,−k˜−4
Σ,triv
(
gτ , Au ;
δ(ϕ(x0))
volTH
(
(hh∗)−1
k˜
2
)0
0
) 1
k˜ + 1
, (5.3.21)
Zghυυ¯(τ, υ) =
π2
2τ 22
det′Ω0
adPc
(
∂¯
†
Au ∂¯Au
)
, (5.3.22)
and A′′u =
π
τ2
udζ¯ ; u =
( υ
2
0
0 −υ
2
)
. (5.3.23)
Note that the weight zero components of the matrices (gi) ki
2
and (hh∗)−1
k˜
2
are selected out
due to the symmetry TC of the background gauge fields Au.
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The ghost contribution Zghυυ¯ is already calculated (see (5.2.19)) :
Zghυυ¯(τ, υ) = 2π
2(qq¯)4φ
2 |Π(τ, υ)|4 , (5.3.24)
where we introduce the real coordinates φ and ψ by υ
2
= ψ − τφ and we denote the
Weyl-Kac denominator Π(τ, u) by Π(τ, υ).
If we introduce the normalized one point functions Z˜kiki
2
and Z˜−k˜−4
k˜
2
by
Zkiki
2
(τ, υ) = (qq¯)kiφ
2 Z˜
ki
ki/2
(τ, υ)
|Π(τ, υ)|2 , (5.3.25)
Z−k˜−4
k˜
2
(τ, υ) = (qq¯)−(k˜+4)φ
2
Z˜−k˜−4
k˜/2
(τ, υ)
|Π(τ, υ)|2 , (5.3.26)
we have the following differential equations (see (5.1.17) :{
δτ − 1
ki + 2
D2 − ki
4
D(Π−1DΠ)
}
Z˜kiki
2
(τ, υ) = 0 , (5.3.27){
δτ +
1
k˜ + 2
D2 +
k˜
4
D(Π−1DΠ)
}
Z˜−k˜−4
k˜
2
(τ, υ) = 0 , (5.3.28)
where δτ =
1
2πi
∂
∂τ
and D = 1
2πi
∂
∂υ
. Since there is only one fixed point (k1
4
, k2
4
, k˜
4
), the
dimension of the conformal block is one which implies that Z˜kiki/2(τ, υ) is a product of
holomorphic and anti-holomorphic functions of τ and υ. The solution satisfying the
equation (5.3.27) is given by Z˜kiki/2(τ, υ) =
∣∣∣Π(τ, υ) ki2 +1∣∣∣2. Hence, we have
Zkiki
2
(τ, υ) = Cki(qq¯)
kiφ2
∣∣∣Π(τ, υ) ki2 ∣∣∣2 , (5.3.29)
where Cki is a numerical constant. Therefore, we see that
Znon−triv(τ) = C
∫
NH
d2υ
∣∣∣Π(τ, υ) k˜+22 ∣∣∣2Z˜−k˜−4
k˜
2
(τ, υ) , (5.3.30)
where the constant C is given by 2π2Ck1Ck2. Noting that the real coordinates ψ and φ
of the moduli space NH of flat connections are independent of the complex structure τ of
the surface, we see that the differentiation of the expression (5.3.30) by τ gives
δτZnon−triv(τ) = C
∫
NH
d2υ
(
− 1
4πτ2
− 2φD + δτ
) ∣∣∣Π k˜+22 ∣∣∣2Z˜−k˜−4
k˜
2
. (5.3.31)
It is a straightforward calculation to check that the integrand is a total derivative(
− 1
4πτ2
− 2φD + δτ
) ∣∣∣Π k˜+22 ∣∣∣2Z˜−k˜−4
k˜
2
=
1
k˜ + 2
DF (τ, υ) , (5.3.32)
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where F (τ, υ) is a single-valued function on NH given by
F (τ, υ) = C ′
{
DZ k˜k˜
2
Z−k˜−4
k˜
2
− Z k˜k˜
2
DZ−k˜−4
k˜
2
}
Zghυυ¯(τ, υ) , (5.3.33)
where C ′ is a numerical constant. Hence we again see that Znon−triv(τ) is a constant.
(iii) Direct Evaluation of the Path-Integral via the Field Identification
Instead of using the differential equations, we may calculate the path-integral Z−k˜−4
k˜/2
(τ, υ)
directly as in the case of the calculation of the partition function for the topologically triv-
ial bundle.
We choose the following parametrization of the field hh∗ :
hh∗ =
(
eϕ(1 + |w|2) w
w¯ e−ϕ
)
. (5.3.34)
Then, the field
(
(hh∗)−1
k˜
2
)0
0
is expressed as
(
(hh∗)−1
k˜
2
)0
0
=
k˜
2∑
l=1
(
k˜
k˜
2
)2
(1 + |w|2) k˜2−l|w|2l =
(
k˜
k˜
2
)
|w|k˜ + · · · , (5.3.35)
where + · · · denotes a power series of |w|2 of order lower than k˜
2
. Using the same param-
eters, the classical action is expressed as
(−k˜ − 4)I(Au, hh∗) = i
2π
(k˜ + 4)
∫
Σ
{
∂ϕ∂¯ϕ+ ∂υ,ϕw¯∂¯υ,ϕw
}
, (5.3.36)
where ∂¯υ,ϕ is the Cauchy-Riemann operator ∂¯υ,ϕ = ∂¯ +
π
τ2
υdζ¯ + ∂¯ϕ acting on complex
functions on Στ .
Then, the path-integral is given by
Z−k˜−4
k˜
2
(τ, υ) =
(
k˜
k˜/2
)
k˜ + 1
∫
Dϕδ(ϕ(x0))
volTH
D2w e− i(k˜+4)2π
∫
Σ
(∂ϕ∂¯ϕ+∂υ,ϕw¯∂¯υ,ϕw)
{
|w(x)|k˜+ · · ·
}
=
(
k˜
k˜/2
)
k˜ + 1
det
(
∂¯†υ ∂¯υ
)−1∫ Dϕδ(ϕ(x0))
volTH
e−
i(k˜+2)
2π
∫
Σ
∂ϕ∂¯ϕ
{
Gυ,ϕ(x, x)
k˜
2 + · · ·
}
,
where Gυ,ϕ(x1, x2) is the Green function for the operator ∂¯υ,ϕ such that
Gυ,ϕ(x, x) = e
−2φ(x)
∫
Σ
e2φ(ζ)
d2ζ
2π(k˜ + 4)
∣∣∣Gυ(ζ, ζ(x)) ∣∣∣2 , (5.3.37)
in which Gυ(ζ, ξ) is the Green function for the operator ∂¯υ = ∂¯υ,0 that has the following
expression in terms of the function E(ζ) = ϑ(τ, ζ + τ+1
2
) :
Gυ(ζ, ξ) = e
π
τ2
υ(ζ¯−ξ¯−ζ+ξ)E(ζ − ξ − υ)
E(ζ − ξ)
E ′(0)
E(−υ) . (5.3.38)
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Hence, we have
Z−k˜−4
k˜
2
(τ, υ) =
(
k˜
k˜/2
)
k˜ + 1
det
(
∂¯†υ ∂¯υ
)−1∫
Σ
k˜
2
k˜
2∏
j=1
d2ζj
2π(k˜ + 4)
∣∣∣Gυ(ζj, ζ(x)) ∣∣∣2
×
∫
Dϕδ(ϕ(x0))
volTH
e−
i(k˜+2)
2π
∫
Σ
∂ϕ∂¯ϕ−k˜ϕ(x)+
∑ k˜
2
j=1 2ϕ(ζj) + · · · (5.3.39)
To perform this Gaussian integral, we have to take care of the divergence coming from
the singularity ∼ log |ζ − ξ|2 as ζ → ξ of the Green function for the scalar laplacian given
by
G(ζ, ξ) = log |ζ − ξ|2 + π
2τ2
(
ζ − ξ − ζ¯ + ξ¯ + τ − τ¯
2
)2
+ c , (5.3.40)
where c is a constant. We define the path-integral by first applying the point splitting
regularization G(ζ, ζ) → G(ζ + ∆ζ, ζ) together with the renormalization by multiplying
the factor
e
k˜
4
log |∆ζ|2 , (5.3.41)
and then by taking the limit ∆ζ → 0. This enables us to neglect the lower order terms
+ · · · and we have the following expression
Z−k˜−4
k˜
2
(τ, υ) =
(2(k˜ + 2))
1
2
(
k˜
k˜/2
)
2π(k˜ + 1)volTH
τ
1
2
2
(
det′∂¯†∂¯
)− 1
2det
(
∂¯†υ ∂¯υ
)−1
(5.3.42)
×
∫
Σ
k˜
2
k˜
2∏
j=1
d2ζj
2π(k˜ + 4)
∣∣∣Gυ(ζj, ζ(x)) ∣∣∣2 e− k˜4Greg− 2k˜+2∑i<j G(ζi,ζj)+ k˜k˜+2∑ k˜2j=1G(ζj ,ζ(x)) ,
where Greg is the regularized value of the Green function at the coincident point :
Greg = lim
ζ→ξ
(
G(ζ, ξ)− log |ζ − ξ|2
)
= log
∣∣∣ 2πη(τ)3∣∣∣2 + c , (5.3.43)
in which η(τ) is the Dedekind η function. It is easy to see that the expression (5.3.42) is
independent of the choice of the constant c.
We now recall the Jacobi’s triple product identity
E(ζ) = (1− e−2πiζ)
∞∏
n=1
(1− qn)(1− qne2πiζ)(1− qne−2πiζ) = e−πiζq− 18Π(τ, ζ) , (5.3.44)
which shows that E ′(0) = q−
1
82πiη(τ)3. We also recall the identity
τ
1
2
2
(
det′∂¯†∂¯
)− 1
2det
(
∂¯†υ ∂¯υ
)−1
=
1
2
τ
− 1
2
2 e
− π
2τ2
(υ−υ¯)2 |Π(τ, υ)|−2 . (5.3.45)
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Then, denoting υ by −ζ0 and putting ζ(x) = ζ0, we have
Z−k˜−4
k˜
2
(τ, υ) =
(2(k˜ + 2))
1
2
(
k˜
k˜/2
)
4π(k˜ + 1)volTH
τ
− 1
2
2
∣∣∣∣∣η(τ)3k˜ + 4
∣∣∣∣∣
k˜
2
p(τ, υ)−
k˜+2
2
∫
Σ
k˜
2
k˜
2∏
j=1
d2ζjp(τ, ζj)
∏
0≤i<j≤ k˜
2
p(τ, ζi − ζj)
2
k˜+2
; p(τ, ζ) = e
π
2τ2
(ζ−ζ¯)2 |Π(τ, ζ)|2 . (5.3.46)
The moduli space NH is the υ = −ζ0-plane with the identification ζ0 ≡ ±ζ0+ n+ τm
where n,m ∈ Z. Since we have Zkiki/2(τυ) = Ckip(τ, υ)
ki
2 and Zghυυ¯(τ, υ) = 2π
2p(τ, υ)2, we
obtain the following expression for the partition function
Znon−triv(τ) =
(k˜ + 2)
1
2
(
k˜
k˜/2
)
4(k˜ + 1)
Ck1Ck2τ
− 1
2
2
∣∣∣∣∣η(τ)3k˜ + 4
∣∣∣∣∣
k˜
2 ∫
Σ
k˜
2
+1
k˜
2∏
j=0
d2ζjp(τ, ζj)
∏
0≤i<j≤ k˜
2
p(τ, ζi − ζj)
2
k˜+2
. (5.3.47)
The result of numerical calculations imply that this is independent of the modular pa-
rameter τ though we do not know the proof yet.
The Full Partition Function
Let us consider the full partition function of the model with even levels k1, k2. It is
given as the sum
Z(τ) = Ztriv(τ) + Znon−triv(τ) , (5.3.48)
of contributions from the trivial and the non-trivial SO(3)-bundles.
As we have seen in the preceding section, the partition function for the topologically
trivial configuration is given by
Ztriv(τ) =
1
2
∑
j1∈P
(k1)
+ , j2∈P
(k2)
+
j3∈P
(k˜)
+ , j3−j1−j2∈Z
∣∣∣ b(j1,j2),j3(τ)∣∣∣2 , (5.3.49)
where we consider P
(k)
+ as the set {0, 12 , 1, · · · , k2} of spins integrable at level k. Due to the
invariance under the replacement ((j1, j2), j3) → ((k12 − j1, k22 − j2), k˜2 − j3), the sum can
be rewritten as ∑
(j1,j2,j3)∈F ◦
∣∣∣ b(j1,j2),j3(τ)∣∣∣2 + 12
∣∣∣ b
(
k1
4
,
k2
4
), k˜
4
(τ)
∣∣∣2. (5.3.50)
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where F ◦ is a fundamental domain of the action of Z2 on P
(k1)
+ ×P(k2)+ ×P(k˜)+ −{(k14 , k24 , k˜4 )}.
As we have noted, the term 1
2
∣∣∣ b
(
k1
4
,
k2
4
), k˜
4
(τ)
∣∣∣2 is physically unsatisfactory since it may occur
that the coefficients of some terms in the qq¯ expansion are not integers.
It may be possible that the addition of Znon−triv(τ) (a constant) makes the full partition
function Z(τ) physically acceptable. In the following, we shall see that this is the case
for the model with k2 = 2.
The models with k2 = 2 are known as the unitary N = 1 supersymmetric minimal
models. The existence of the super current G0 satisfying G
2
0 = L0 in the Ramond sec-
tor implies that the positive eigenspaces of L0 are degenerate with even multiplicities.
32
Indeed, the branching function b
(
k1
4
, 1
2
), k˜
4
(τ) is given by [19]
b
(
k1
4
, 1
2
), k˜
4
(τ) =
η(2τ)
η(τ)2
∑
n∈Z
(
q4Nn
2 − q4N(n+ 12 )2
)
(5.3.51)
=
1 + 2
∑∞
n=1(−1)nqNn2
1 + 2
∑∞
n=1(−1)nqn2
, (5.3.52)
where N is an integer defined by N = k˜
2
( k˜
2
+ 1)/2. Hence, if we could show that
Znon−triv(τ) =
1
2
, the coefficients of all terms in the qq¯ expansion of the full partition
function would be integers, and the model may be interpreted as a supersymmetric model
with unique Ramond ground state.
In the literature [8], such a constant term is interpreted as the contribution of the pe-
riodic boundary condition of the corresponding statistical model. The above full partition
function is the (A,A) modular invariant in the list in that reference.
32As before, this operator L0 should be expressed as L0 − c24 in the conventional notations where c is
the central charge of the theory.
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CONCLUDING REMARKS
We summarize what is done in this paper. We realized with certain geo-
metrical meaning the spectral flows in such field theories that appear in quantization of
the gauged WZW models or of models of free fermions coupled to gauge fields. We have
expressed a correlation function of the model as an integral over the moduli space of
holomorphic principal bundles with flag structure at one point. The geometrical interpre-
tation of the spectral flow is conjectured to induce an identification of the moduli spaces
corresponding to different topological types. The conjecture is checked on the sphere with
general simple structure group and on the torus with the structure group PSL(2,C). Un-
der the assumption that the conjecture holds true, we have obtained the relation between
correlators that lead to the field identification. As an application, the condition of the
non-vanishing of the torus partition function for topologically non-trivial configurations
is determined in terms of the spectral flow.
It is clear that we need general proof of the conjecture : The map induced by the
spectral flow transforms a moduli space relevant in the path integral to another relevant
moduli space. For the proof, it seems that we need a new characterization of the holo-
morphic principal bundles with flag structure that represent points in the ‘moduli space
relevant in the path integral’. It may be possible that a certain parabolic stability [26]
will play the role.
In recent years, ‘mirror symmetry’ has attracted interests of many physicists and
mathematicians. It was first suggested[25] by the existence of an automorphism of N =
2 super conformal algebra which is also called the spectral flow. It implies a natural
map (called the mirror map) between moduli space of Ka¨hler structures of one complex
manifold and the moduli space of complex structures of another smooth manifold. Though
it seems very speculative, the present work may shed some light on the construction of such
mirror map, or conversely the study of mirror symmetry may give a deeper understanding
of the field identification phenomena.
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Appendix 1. Lifting the Adjoint Action
Let G be a compact simple simply connected Lie group with center ZG and H be the
quotient group H = G/ZG. In this appendix, we prove that the adjoint acion of LH on
LGC lifts to an action on the semigroup LkWZ introduced in Chapter 2.
We start with the requirement that the weight e−kIΣ0(A,g) for a surface Σ0 with bound-
ary ∂Σ0 ∼= S1 is gauge covariant. (See (2.2.6) in Chapter 2 and the remark following
that formula.) Assuming that there exists such a transformation adγ−1 : Lk
WZ
→ Lk
WZ
for
γ ∈ LH , we can show that it is an automorphism of Lk
WZ
:
e−kIΣ0(A
h,h−1g1h)e−kIΣ0 (A
h,h−1g2h) = e−kIΣ0(A
h,h−1g1g2h)+kΓΣ0 (A
h,h−1g1h,h−1g2h)
= γ−1e−kIΣ0(A,g1g2)γ ekΓΣ0 (A,g1,g2)
= γ−1
(
e−kIΣ0(A,g1)e−kIΣ0(A,g2)
)
γ , (A.1.1)
where we have used the reation e−kIΣ0(A,g1)e−kIΣ0(A,g2) = e−kIΣ0(A,g1g2)+kΓΣ0 (A,g1,g2).
The requirement of gauge covariance is equivalent to the following :
γ−1{(gˇ, 1)}γ = {(hˇ−1gˇhˇ, e−kIΣˆ0(0⋆Ah,(hˇ−1gˇhˇ)⋆(h−1gh))+kIΣˆ0(0⋆A,gˇ⋆g))} , (A.1.2)
where Σˆ0 is a closed Riemann surface obtained by capping Σ0 by the disc D∞. Maps
g : Σ0 → GC and gˇ : D∞ → GC are related by gˇ|S = g|S and the values are dif-
ferent from 1 only on a neighborhood U of S in Σˆ0. Maps h : Σ0 ∩ U → H and
hˇ : D∞ ∩ U → H are related by hˇ|S = h|S = γ ∈ LH . By a calculation we see that
IΣ¯0
(
0 ⋆ Ah, (hˇ−1gˇhˇ) ⋆ (h−1gh)
)
−IΣ¯0(0 ⋆ A, gˇ ⋆ g) = c(hˇ, gˇ) is independent of (h0, A, g0) :
c(hˇ, gˇ)=KD∞(hˇ
−1gˇhˇ)−KD∞(gˇ)−
i
4π
∫
D∞
tr
{
(dgˇgˇ−1+ gˇ−1dgˇ)hˇdhˇ−1+ hˇdhˇ−1gˇhˇdhˇ−1gˇ−1
}
, (A.1.3)
where KD∞(gˇ) =
i
4π
∫
D∞ tr(∂gˇ
−1∂¯gˇ). This shows that the adjoint action of the loop group
LH on LGC lifts to an automorphic action on the semigroup LkWZ by the rule
γ−1{(gˇ, u)}γ = {(hˇ−1gˇhˇ, ue−kc(hˇ,gˇ))}. (A.1.4)
Remark. As is shown in [31], the lift is unique. In fact, the above transformation
law can be derived also by transporting the transformation law given in that reference
through the isomorphism of L˜GC and (LWZ)× given by
[(γ, p, c)] 7→ {(g(p), ce
∫
p
β−KD∞(g(p)))} ,
where γ ∈ LGC, p is a path in LGC from 1 to γ, g(p) : D∞ → GC is given by g(p)(reiθ) =
p(r−1)(e−iθ) and β is a one form on LGC given by
βγ(δγ) =
i
4π
∫
S1
tr(γ−1dγ γ−1δγ) .
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Appendix 2. Root Systems and Weyl Groups
We describe here the basic facts on root systems and Weyl groups.[6] The notation
here is the same as in the Appendix 1. We choose and fix the maximal tori TG ⊂ G,
TH = TG/ZG ⊂ H . We identify their Lie algebras Lie(T ) = Lie(TG) = Lie(TH) and
denote by V = iLie(T ) the purely imaginary part of its complexification. We introduce
four lattices in V∗ and in V :
V∗ ⊃ P · · · · · · Q∨
∪ ∩
Q · · · · · · P∨ ⊂ V
(A.2.1)
where A · · · · · ·B means that A is the dual lattice of B. The lattices Q∨ and P∨ are deter-
mined in such a way that the exponential mappings induce isomorphisms Lie(T )/2πiQ∨
≃→
TG and Lie(T )/2πiP
∨ ≃→ TH . P is the weight lattice of TG. Q is called the root lattice
since it is generated by the set ∆ of roots of Lie(G), that is, the set of weights of adjoint
representation of G or of H on Lie(G). The center ZG of G is isomorphic to P
∨/Q∨.
(2.1) Finite Weyl group. The Weyl group W of (G, TG) is defined by W = NTG/TG where
NTG is the normalizer of TG in G. W acts adjointly on TG and hence has faithful represen-
tations on V∗ and V leaving invariant the four lattices and ∆. AW -invariant inner product
( , ) on V∗ is normalized as (α, α) = 2 for a long root α and defines a linear isomorphism
ι : V → V∗. For each root α ∈ ∆, we introduce a hyperplane Hα = {x ∈ V ;α(x) = 0}
and we denote by sα the orthogonal reflections with respect to Hα. Since W preserves
∆, the family ∪α∈∆Hα ⊂ V of hyperplanes is invariant by W . A chambre of ∆ is, by
definition, a connected component of V− ∪α∈∆Hα. Then, the following is known
Theorem 1 (1) W acts simply transitively on the set of chambres.
(2) If H1, · · · ,Hl are walls of a chambre C, for each i there exist a unique root αi such
that Hαi = Hi and that αi takes positive values on C.
(3) The set B(C) = {α1, · · · , αl} forms a base of V∗.
(4) The set S(C) = {sα1 , · · · , sαl} generate W .
(5) Any root α ∈ ∆ is expressed as α = ∑li=1 niαi where ni are all non-negative integers
or all non-positive integers.
We choose and fix a chambre C. (3) and (5) shows that B(C) = {α1, · · · , αl} forms a base
of Q and that the subset {µ1, · · · , µl} of V such that αi(µj) = δi,j forms a base of P∨ dual
to B(C). (5) of the theorem shows that ∆ is decomposed as a disjoint union of the set ∆+
of positive roots and the set ∆− = −∆+ of negative roots where a root is positive if it takes
positive values on C. We see from (1) that there exists a unique element w0 ∈ W such
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that w0∆+ = ∆−. It is the longest element with respect to the length l on W determined
by S(C) where l(w) is the minimun length n of such sequence (si1 , · · · , sin) of S(C) that
w = si1 · · · sin.
The highest weight of the adjoint representation is called highest root and is denoted
by α˜. It can be shown that, for any α ∈ ∆, α˜ − α is a linear combination of elements
α1, · · · , αl of B(C) with non-negative coefficients and in particular, α˜ is expressed as
α˜ =
∑l
i=1 niαi for ni ≥ 1. We define a subset J of {1, · · · , l} by j ∈ J ⇔ nj = 1. Then,
we see the following
Proposition 2 a ∈ P∨ satisfies |α(a)| = 1 or 0 for any α ∈ ∆ if and only if a = 0 or
a = wµj for w ∈ W and j ∈ J . Moreover, any Q∨ orbit in P∨ contains one and only one
element of {0} ∪ {µj ; j ∈ J }.
The latter part can be understood after we introduce the group Γ
Ĉ
.
(2.2) Infinite Weyl groups. The affine Weyl group Waff of a loop group LG is defined by
Waff = NU(1)×T˜G/(U(1)×T˜G) where NU(1)×T˜G is the normalizer of U(1)×T˜G in U(1)×˜L˜G
where the group U(1) of rigid rotations acts on L˜G by (uγ)(zˆ) = γ(u−1zˆ). We have the
isomorphism Waff ∼= Hom(U(1), TG)×˜W ∼= Q∨×˜W . Waff can naturally be considered as a
normal subgroup of the affine Weyl group W ′aff
∼= Hom(U(1), T˜H)×˜W ∼= P∨×˜W of LH .
The adjoint action of W ′aff on the Lie algebra iVˆ = iRrot⊕iV⊕iRK of the torus U(1)×T˜H
and the action on its dual Vˆ∗ = R⊕V∗⊕R is given by
e−iaθw : ( x , t , y ) ∈ Vˆ 7−→
(
x , wt− xa , y − tr(awt) + x
2
tr(a2)
)
∈ Vˆ, (A.2.2)
e−iaθw : (n , λ , k ) ∈ Vˆ∗ 7−→
(
n + wλ(a) +
k
2
tr(a2) , wλ+ k tra , k
)
∈ Vˆ∗ . (A.2.3)
This action preserves the following non-degenerate symmetric bilinear form on Vˆ∗ :(
(n1 , λ1 , k1 ), (n2 , λ2 , k2 )
)
= ( λ1 , λ2 )− n1k2 − k1n2 . (A.2.4)
An affine root of LG is, by definition, a weight of the adjoint action of U(1)× T˜H on
the Lie algebra LgC. The set ∆aff ⊂ Vˆ∗ of non-zero affine roots is invariant under the
action of W ′aff and is given by ∆aff = Z6=0×{0}×{0} ∪ Z×∆×{0}.
The hyperplane Vx = {x}×V in Vaff = Vˆ/RK is W ′aff -invariant for each x ∈ Rrot.
Identifying V with V−1 we see that W
′
aff forms an affine transformation group of V (see
(A.2.2)). Since the family {Hˆαˆ}αˆ∈∆aff of hyperplanes in Vaff is W ′aff -invariant where Hˆαˆ =
{v∈Vaff ; αˆ(v) = 0 }, the family {Hαˆ}αˆ∈Z×∆×{0} of hyperplanes in V is invariant under the
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affine action of W ′aff , where H(n,α,0) = Hˆ(n,α,0) ∩V−1 ∼= { t∈V;α(t) = n}. We denote by sαˆ
the orthogonal reflection with respect to Hαˆ 6= ∅. An alcoˆve is, by definition, a connected
component of V− ∪αˆ∈∆affHαˆ. Then, we have the
Theorem 3 (1) Waff acts simply transitively on the set of alcoˆves.
(2) If H0,H1, · · · ,Hl are walls of an alcoˆve Ĉ, for each i there exists a unique affine root
αˆi such that Hαˆi = Hi and that αˆi takes positive values on Ĉ.
(3) The set B(Ĉ) = {αˆ0, αˆ1, · · · , αˆl} forms a base of R⊕ V∗ ⊕ {0}.
(4) The set S(Ĉ) = {sαˆ0 , sαˆ1, · · · , sαˆl} generates Waff .
(5) Any affine root αˆ ∈ ∆aff is expressed as αˆ = ∑li=0 niαˆi where ni are all non-negative
integers or all non-positive integers.
A chambre C determines an alcoˆve Ĉ = { t ∈ C ; α˜(t) < 1 } which gives B(Ĉ) =
{(−1, α0, 0), (0, α1, 0), · · · , (0, αl, 0)} where α0 = −α˜. (5) of the theorem shows that the
set ∆aff is decomposed as a disjoint union of the set ∆aff+ of positive affine roots and the
set ∆aff− = −∆aff+ of negative affine roots where an affine root is positive if it takes pos-
itive values on the alcoˆve Ĉ. The root vectors eαˆ for αˆ ∈ ∆aff+ generate a Lie subalgebra
of LgC corresponding to the subgroup N
+ of LGC.
W ′aff also acts on the set of alcoˆves and we denote by ΓĈ ⊂ W ′aff the isotropy group at
Ĉ. Then we see that W ′aff decomposes into semi-direct product of Waff and ΓĈ :
W ′aff
∼= Waff×˜ΓĈ . (A.2.5)
The subgroup Γ
Ĉ
preserves the decomposition ∆aff = ∆aff+ ∪∆aff− which shows with the
aid of (5) of the theorem that Γ
Ĉ
permutes the elements αˆ0, · · · , αˆl of B(Ĉ). Looking at
the transformation rule (A.2.3), we see that the homogeneous part of Γ
Ĉ
permutes the
distinct elements α0, α1, · · · , αl of ∆. Since the relative disposition of these l + 1 roots is
used to construct the extended Dynkin diagram, Γ
Ĉ
can be identified with a subgroup of
the group of Dynkin diagram automorphisms.
We describe the group Γ
Ĉ
more explicitly. For each i ∈ J ⊂ {1, · · · , l}, we take
a subgroup Gi of G sharing a maximal torus with G whose roots constitute the set
∆i = {α ∈ ∆;α(µi) = 0}. We think of its Weyl group Wi as a subgroup of W and we
take the element wi ∈ Wi of maximal length with respect to the length determined by
Si = {sα ∈ Wi;α ∈ Bi} where Bi = B(C)− {αi}. Then a direct calculation shows the
Proposition 4 The group Γ
Ĉ
is given by Γ
Ĉ
= { 1 } ∪ { e−iµjθwjw0 ∈ W ′aff ; j ∈ J } .
Note that the embedding P∨ →֒ W ′aff induces the isomorphism P∨/Q∨ ∼= W ′aff/Waff ∼= ΓĈ.
Now we see that the latter part of the proposition 2 holds true.
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Appendix 3. Orthogonality of Characters
We give a proof of the orthogonality formula between characters of integrable repre-
sentations of the loop group which is essentially due to [16]. We use notations introduced
in Appendix 2.
Let χ(Λ,k)(τ, u) be the character of the representation L(Λ,k) of the group L˜GC defined
in (5.2.6) and let NG be the moduli space of flat connections of the (trivial) G-bundle on
the torus which is realized by VC/(Q∨ + τQ∨)×˜W . We shall prove the equation∫
NG
l∏
j=1
d2uj e
π
2τ2
(k+g∨)tr(u−u¯)2χ(Λ1,k)(τ, u)χ(Λ2,k)(τ, u)|Π(τ, u)|2 =
vol(V/Q∨)(
τ2
2
(k + g∨)
)l
2
δΛ1,Λ2 ,
(A.3.1)
where u1, · · · , ul are the coefficients of u = ∑lj=1 ujej with resect to the orthonormal base
tr(eiej) = δi,j and the volume of the torus V/Q
∨ is determined with respect to the metric
‘tr’.
To prove it, we make essential use of the Weyl-Kac character formula
χ(Λ,k)(τ, u) =
∑
w∈W
(−1)l(w)Θw(Λ+ρ),k+g∨(u, τ)/Π(τ, u) , (A.3.2)
where Π(τ, u) is the Weyl-Kac denominator defined in (5.1.16) and ΘΛ,k is the classical
Theta function of degree k with characteristic Λ given by
ΘΛ,k(τ, u) =
∑
n∈k trQ∨+Λ
q
1
2k
(n,n)e2πin(u) . (A.3.3)
As the fundamental domain of the group (Q∨+ τQ∨)×˜W in VC, we take the following
:
W Ĉ× (−τ)Ĉ , (A.3.4)
where Ĉ is an arbitrarily chosen alcoˆve. We introduce the real coordinates ψj and φj
related to u by uj = ψj − τφj . Since W Ĉ is the fundamental domain of Q∨, we have
∫
W Ĉ
l∏
j=1
dψj e2πi(m1(u)−m2(u¯)) = δm1,m2e
4πτ2m1(φ) vol(W Ĉ) , (A.3.5)
form1, m2 ∈ P. With the aid of this relation, the integral I in the left hand side of (A.3.1)
is expressed as
I = ∑
w1,w2∈W
∑
ni∈(k+g∨) trQ∨
+wi(Λi+ρ)
(i=1,2)
(−1)l(w1)+l(w2)
∫
Ĉ
l∏
j=1
2dφj e−2πτ2(k+g
∨)trφ2q
(n1,n1)
2(k+g∨) q¯
(n2,n2)
2(k+g∨)
×δn1,n2e4πτ2n1(φ) vol(W Ĉ) . (A.3.6)
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Note that δn1,n2 6= 0 only if w1(Λ1 + ρ)− w2(Λ2 + ρ) ∈ (k + g∨) trQ∨. Since Λi + ρ lies in
(k+ g∨) trQ∨ for i = 1, 2 and since Ĉ is a fundamental domain of Waff = Q
∨×˜W , we must
have w1 = w2 and Λ1 = Λ2. Then, the integral is given by
I = vol(V/Q∨) δΛ1,Λ2
∑
w∈W
n∈(k+g∨) trQ∨+w(Λ+ρ)
∫
Ĉ
l∏
j=1
2dφj e−2πτ2(k+g
∨)tr(φ−n)2 (A.3.7)
= vol(V/Q∨) δΛ1,Λ2
∫
V
l∏
j=1
2dφj e−2πτ2(k+g
∨)tr(φ+···)2 . (A.3.8)
This Gaussian integral is easily seen to coincide with the right hand side of (A.3.1).
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Index of Notation
A′, A′′ 29
Aa 21
Aγ 90
Au 51, 52, 95
AP 45
A◦P 52
Ass, As 49, 50
adP , adPC, adP
∗ 24,29
adGP , adGcP 29
α 27, 117
α˜ 44, 118
αˆ 44, 106, 118
B(C), B(Ĉ) 44,117, 119
B = B+0 38, 67
B+ 38
b (ghost) 56
b(h), bf (h) (‘Borel-part’ of h) 64, 71
bΛ,λ(τ) 102
C 38, 117
Ĉ 41, 119
c (ghost) 56
c(hˇ, gˇ) 42, 116
cλ 12
cλ,V 24
c1(L) 11
χ˜(z) 88
χ(Λ,k)(τ, u) 100, 120
D0 21
da, dµ 48, 49
DetH+ , Det
∗
H+
19
det′D†D 55, 101
DiffS1 16
Diff+S
1 19
Diff+˜S
1 20
∆, ∆Λ (conformal dimension) 22, 33, 43
a∆ 23, 28
∆ (set of roots) 27, 117
∆+, ∆− 39, 117
∆aff 41, 118
∆aff+, ∆aff− 41, 119
δτ 97
E 24
E(ζ) 110
eI, e
I 25
eα 27
ea 33
e−kIΣ0(A0,g), e−kIΣ∞(A∞,g) 34, 35
ǫi(u) 53
ηab 33
FH+ 19
Fl(H) 66
Fl(Px) 70
Fu, Fu,h 55
Fv, Fv,h 77
f˜t, f
♭
t , f
♯
t 13, 32
ΦΛ 39
φ, φi (modular parameter) 51, 96
ϕ 101
G, GC 29
g∨ 29
GP , GPc 45
GP,G 30
Gw(z), G
z′
• (z) 95, 98
γO 66, 91
γOλ(f) 91
g 10
g0 22
gτ 94
GrH+ 18
GLres, GL˜res 19, 19
Γ
Ĉ
41, 119
ΓΣ(g, h), ΓΣ(A, g, h) 34
γ˜∗ 37
γx 86
γΛ, γE 42, 43
H (= G/ZG) 29, 116, 117
H (⊂ G/ZG) 45
H+, H− 17
H(λ,±) 17
H(λ,V
∗) 26
H(G,k) 38
Hˇ(G,k) 39
HM 68
Htot 89
ha 21
hγ 85, 90
h˜ 23, 41, 65
hg 30
IΣ,L 10
124
IE 24
IΣ(A, g) 29
IΣ,P (A, g) 29, 36
J , J0 47, 48, 118
JacΣ 50
J (current) 10
J(ǫ)O, J¯(ǫ)O 12
Jσ(X) 32
Jσn (X) 37
J(γ˜), J¯(γ˜) 37
J (γ˜) 62
: (J, J) : 33
k 30
kc 58
K 10
L 10
£h (left translation on Fl(H)) 69
LvO, L¯vO 13
LC∗ 19
L˜C
∗
20
LG, LGC 34
L˜GC 34
LU(1) 16
Lk
WZ
, L∗k
WZ
34, 35
L−1
WZ
→ LR 61
L → LHC/LH 62
L−λ 67
L(Λ,k), L(Λ,k) 39
LΛ,λ 68
l(w) 118
Λ∗ 39
λ (spin) 10
λ (weight) 43
M 45
µj 47, 48, 118
µ (type) 49
µ(E) (slope) 48
NTG 41
N+0 38
N+ 38
N λ3λ1 λ2 106NP 50
N ◦P 52
N ◦P,x 75
N ◦
P (j),x
80
N ◦triv,x, N ◦non−triv,x
(for H = SO(3) and Σ = torus) 83
νa(u) 53
να(f) 71
νA(v) 77
(Oλ)
λ
λ 68
Oλ(f) 71
|OΛ〉 38
O 11, 30
O˜ 73
hO 12, 31
OΣ 49
O×Σ 49
O(x)a 50
Ω 67
|Ω〉 90
Ωλ(hh
∗) 69
ΩMΣ,P (g ;O) 57
ΩMΣ,P,x(g ;OO ) 77
ωz 14
P∨ 21, 117
P∨j 47
P 117
P
(k)
+ 39
PicΣ 49
P , PC 24, 29
P (j) 47, 48
P[a] 47, 48
Pa 79
P(1)F 81
P(0)u , P(0)00 81
P(1)u 81
Π(τ, u) 97, 120
ψ, ψi (modular parameter) 51, 96
ψm (section of L−λ) 67
ψ(z) 16
ψ
(+)
n , ψ
(−)
n 15
ψ
I(+)
n , ψ
(−)
n,I 25
ψS 19
: ψσ−(z)ψ
σ
+(w) : 11
: ψ
(−)
m ψ
(+)
n : 16
: ψ−ψ+ :, : ψ−∂Aψ+ :, : ∂Aψ−ψ+ : 14
Q∨ 44, 117
Q 99, 117
q (= e2πiτ ) 80
q (charge or weight) 22, 27
125
aq 23, 28
ρ 43, 64
S 15, 33
SΛ,Λ′ 100
S, Sd, S 19
SΛ,λ 104
Σ 10
Στ 50
σ
V
, σad 25
σ
(1)
F 81
σ
(0)
u , σ
(0)
00 81
σ
(1)
u 81
O
∫
71
T (energy-momentum tensor) 10
T (maximal torus),TH 21, 117
TG 41, 117
τ (geodesic) 14
τ (modular parameter), τ2 50
tr 29
tr
P
29
trµ 42
ϑ(τ, ζ) 82
ΘΛ,k(τ, u) 120
u 51, 52, 95
υ 108
V, V∗ 38, 117
Vˆ, Vˆ∗ 43, 117
v 75
W
(λ,±)
Σ0
17
W 38, 117
Waff 41, 118
W ′aff 41, 118
w0 39, 117
wjw0 52, 80, 119
w• 19
yu 88
ZG 29
ZΣ,P (g ;O) 45
ZΣ,L(g, A ;O) 11
ZΣ,P (g, A ;O) 30
ZG,k(τ, u) 99
Z−k˜−2h
∨
(τ, u) 101
ZΣ0(A0;O0), ZΣ∞(A∞;O∞) 33, 36
ZghΣ,P (g, A ;O) 56
Zgh(τ, u) 102
ZtotΣ,P (g, A ;O) 70, 72
ζ 50
( , ) on Ωp,q(Σ, adPC) 52
〈 , 〉 pairing of Ω1,0(adP
C
)∗ and Ω
0,1
adP
C
54
( , )F l(H) on H
0(Fl(H), L−λ) 67
( , ) on Vˆ∗ 118
126
